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ABS'l'RACT 
In this report the behaviour of textile yarns under tensile 
loading is studied with the aid of finite-element technJques, with 
particular emphasis on wool yarns. Both continuous filament- and 
staple fibre- yarn models are developed and evaluated. 
The continuous-·fila.ment yarn model is based on an earlier 
model d~veloped by Carnaby, which :Ls a,dapted to comply with the 
rigorous rules of finite-element theory. Because of the large 
displacements and strains which occur and the non-.linear material V 
properties the analysis utilises non-linear continuum mechanics to 
describe the governing equations, which are based ori the principle 
of virtual work. An alternative analysis is also developed in which 
the governing equations are directly derived from the equilibriurn 
conditions for the internal stresses. Both analyses yield results 
which compare favourably with those obtained by Carnaby, but use 
only a fraction of the previously required computing time which 
inhibited extensive evaluation of his model. 
In order to model the long-gauge behaviour of wool yarns a 
staple-fibre yarn model is presented, based on earlier work by 
Hearle, which incorporates fibre migration and slippage. Extensive 
changes have been made to Hearle's original model, reflecting the 
advances made in the continuous-filament yarn analyses. Major 
additional features are the incorporation of changes in yarn config-· 
uration due to slippage, non-linear material behaviour, and a more 
realistic modelling of the lateral contraction of a yarn. The 
alternative finite-element analysis is used because it simplifies 
the application to non-conservative problems. 
A number of specially s;pmy yarns were used to evaluate both 
'- _.--
the continuous filament- and the staple fibre- yarn analyses. 
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I NH~ODUCTI ON 
1.1 SCOPE OF WORK 
The work presented here is primarily concerned with the a.pplica.•·· 
tion of a.dvanced structural analysis methods to the tensile behaviour of 
--------------
yarns, and in particular to wooJ yarns. This is the single most important 
property of yarns and i:3 consequently one of th<:) principal theoretic al 
problems in textile physics a.nd textile mechanics (1) • The impor to.nee of 
the probJem is reflected in the large amount of work published on this 
subject over the years. 
The ultimate goal of this work is to be able to predict the 
strength of a yarn theoretically,. given ·che fibre propr2rtie,3 and the 
manufacturing parameters. This is not a single problem but a se27ies of 
inter-connected problems, of which the main ones are: 
~ prediction of yarn st:i::.i,.lcture from the manufacturing pcu~arneters 
and material properties; 
"~ prediction of yarn tensiJ.e behaviou_:r., given the yarn structure and 
material prop~,rties; and 
Q) prediction of failure n1~h.3nisms and hence tJ1e breaking stn,nqth 
and behaviour. 
ln the work presented here the emphasis is on the yarn ten~coilt°! behaviour 
up to breaking. 'l'he yarn structure used is a mixture of assumed ~nd 
measured features. 
For various reasons, the development of ya1~n mechanics in general 
has not kept up with the enormous advances made in computer-·&ided struc-
tural analysis methods which are extensively used in engineering and in 
other fields. One of the reasons for this stagnation as far as continuous 
filament yarns* are concerned is that a relatively simple semi-analytical 
theory as developed by Treloar and Riding ( 2) ha.s been proved to be quite 
effective for producing a satisfactory theoretical prediction of the ten-
sile behaviour of such yarns. The relatively simple nature of the contin-
uous-filament yarn analysis is mainly due to the assumption that the rad-
ial contraction of the yarn is proportional to its elongation and that it 
is uniform throughout the yarn. 
The analysis of staple-fibre yarns is more complex because of UJe 
presence of fibre discontinuities which lead to .p~ia;L_sJ,_ipping of the 
* A brief review of textile terms and definitions is g:Lven in Section L 2. 
'1 <, 
fi~-j~ri __ ~l~y_nxn. Carnaby and Grosberg (3) have tested staple-·fibre 
(wool) yarns at short ga.uge lengths to evaluate the applicability of a 
uriiform radial contraction in the case of such yarns without having to 
account for the added complexities due to the fibre discontinuities. 
Because the rnajori ty of the staple fibres are con ti numJs throughout the 
short-gauge specimens it is implied that the staple-fibre yarn should 
effectively behave as a continuous-filament yarn. However, t.ht)Oretic2.1l 
results obtained from 'I'reloar' s analysis with uniform radial contraction 
were, even if allowance was made for some inevitable slipping, consider~ 
ably higher than the experimental short-gauge results (see Fig. 1. lj. 
Carnaby (4) argued tt1at the reason for this discrepancy was that tJ,e 
assumed uniform radial cont.raction of the yarn was not applicable to 
staple-·fibre yarns which, in general, have a much rnu:ce loosely packed and 
non-uniform structure than continuons-filarncmt yarns. 
A method was devised to predict the radial contraction of the yarn 
by applying a relationship derived by van ~1<:__(5) between the l 9J:..~~<:ll 
pressur_12-_in the yarn and the spE)fific volume. Treloar's analysis was 
adapted to incorporate this relationship together with a more realistic 
fibre distribution. The theoretical predictions of the tensile behaviour 
of the short .. g2uge wool yarns were found to be much better, especially 
for the lower range of yarn extension, as can be seen in Figure 1.1. 
Owi_ng to the introduction of non-unifonni ty in the radial direction the 
radial displacements in the yarn could not anymore be determined as a 
continuous function. This necessitated a discretisation of the problem 
and the techniqne used by Carnaby can be considered as an informal 
application of the finite element method. Although it is effectively a , .. l:' 
" 
continuous-filament yarn 
for both short-gauge and 
analysis it is as yet the most effective analysis'· 
1 
lQng-qauge wool yarns .v However, one particular 
disadvantage is the ex~si:;:i.ve computational eff'ort required. 
'I'he first part of the work presented here is concerned with the 
reformulation of Carnaby' s analysis so that it follows the more formal 
rules for the finite element method. This is to ensure a faster conver-
gence of the analysis towards the correct solution of the problem within 
the modelling limitations. 'I'he results obtained with this new analysis, 
which is here called the continuous-filament yarn analysis, are not sig-
nificantly different from Car.naby's results but a very considerable reduc-
tion in the computational effort required is achieved, 
Alongside this formal finite element. analysis a more informal anal-
ysis is introduced in Section 4. 4; this utilises classical stress-·analysis 
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particul3.r analysis, which is designated 'stress analysis', was developed 
because it is more convenient to use with inte:,r•··fibrc friction and _slip·-
ping, although both features are not yet incorporated here. Comparison 
between the results of the st1:ess analysis and the more formal energy 
analysis showed negligible differences between tl1e two if the appropriate 
rorrnulation for tl1e governin9 equation was chosen for the stre~~s analysis. 
Al though there still remain discrepancies between the t.heoreU.cal 
results of tJ1e continuom;-filarnent yarn analysis and the experimental 
results for the short-gauge wool yarns, it was decided to allocate the 
remaining time to the development of a more comprehensive staple·-fibre 
yarn analysis. The reasons for U1is decision are discussed in Chapter 7. 
The staple-fibre ya:r:n analysis, which is discussed in Chapter 5, 
is an extensively altered version of the 'stress analysis' and it incor-
porates £~bf!:, migration, fibre discontinuities, and filJre slippage. 
Some aspects of the analysis are derived from Hearle 's stapJ.e·-fibre yarn 
analysis (6) but the present analysj_s has become q1;1,i te different becaus•c; 
of the many extra features added. 
A number of wool yarns have been specially spun at WRONZ to enable 
the newly developed st~f)~e-fjJne analysis to be evaluated. The t.esUng 
and evaluation, which also includes the continuous-filament yarn analysis, 
is described in Chapter 6. 
The rigorous testing of the model has revealed a nwnber of limi ta-· 
tions in the currently used assumptions and data, and made it clear that 
the problem is of a very complex physical nature. In general, the model 
has been found to give quite accurate predictions over the whole range of 
the highly non-linear stress-strain curves for a variety of wool yarns of 
different geometry. This is a significant advance as the previously 
available models are rather crude and they only incorporate an assumed 
but clearly unrealistic initial linear part of the yarn stress-strain 
curve. More importantly the steps involved in formulating the model and 
in obtaining the solution have led to a much clearer, and also more com-
plex, picture of the key mechanism by which st9cple.-fibre structures lock 
together when subjected to an axial tens:i..le load. 'r:his stress-transfer 
mechanism consists essentially of a frictional locking together of the 
fibres under the transverse pressure as the structure contracts m,~E~edly 
in the lateral dimension. 
It is also essential in this context to incorporate the inter-
lacing eff~cts arising from fibre migration and· the mechanical state of 
the fibres in the geometry of the undeformed yarn. To the author's 
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knowledge no analysis has previously been published which combines in a. 
more or less satisfactory way a_lJ. these main fea.tures. 
Reviews of yarn mechanics and the finite element rneUwd are given 
in Chapters 2 and 3 respectively to provide a_ base for the work presented 
in Chapters 4, 5 and 6 . 
l. 2 TEXTILE TERMS AND DEFINITIONS 
1. 2 .1 General 
A brief review is given of textile terms and definitions as used 
in this work. An excellent review of textile structures and mechanics 
for those who are not textile specialists is given by Hearle (7). The 
following description is relevant to the yarn types which are explicitly 
or implicitly discussed in this work. Although the description covers a 
comdderable proportion of all textile yarns there are other yarn types 
which are quite different in one or more aspects. 
l. 2. 2 Fibres 
The constituents of textile yarns are fibres which,. generally 
speaking, are slender fJ.exible rods. Fibres are subdivided into two rna1.n 
groups accordi_ng to their length, viz., staple fibres and continuous 
fibres or filaments. The latter can for all practical p1__1_rposes be 
regarded as possessing an infinite length and, with the single exception 
of silk, they are all of man-made origin. Staple fibres are of finite 
length, in general between 10 and 300 mm long. All natural fibres except 
silk are staple fibres, whereas all man-made fibres are initially contin·-
uous filaments though these can be simply changed to staple fibres by 
cutting or breaking. 
,.--- . -----' 
l. 2. 3 Yarns 
Yarns are long twisted structures made up of fibres. In. general 
a central axis can be defined which runs along the length of.a yarn and 
is ca_lled the 'yarn axis' . Because yarns are often c_yl,i.l].clri_~ci_l it is 
convenient to describe them in terms of a cylindrical c_q_:-QX<lina,te system . 
.---------------
The Z-axis of the co-ordinate system is taken so as to.coincide with the 
yarn axis and hence the R- and 0-axes are normal to the yarn axis. The 
fibres generally follow a helical path of varying radius around the yarn 
axis, hence the twisted appeaJ~ance of a yarn. The angle between a fibre 
and the yarn axis is called the twist-· or helix-angle (a) and it varies 
throughout the yan1. The usual procedure for deriving the average level 
· of twist is to count the number of turns needed to untwist a given length 
of the yarn. The t\vist is expressed either ,w the number of turns of 
twist per met:r:e, tprn, or as the length along the z~axis oVl~:c which a 
--~ -----
fibre completes a revolution around the yarn axis, i.e., the J:__E:_~:gth of 
one turn of twis"l: (T'r). 
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Yarns are subdivided into two main groups - st.@j__E:_:-fibre yctrns and 
continuous-filmnent_ yarns - according to the length of the constituent 
fibres. Occasionally yarns may contain both stapl_e _ fibJ:es and continuous 
filaments, the latter usually fonning a 'core' round which the staple 
fibres are spun. Staple-fibre yarns are commonly spun from blends of 
fibres of the same or different types, for example, woolJ_en yarns are 
often made from a blend of different wool types, natural fibres such as 1 
wool and cotton may be blended, and natural and man·•111ade fibres are often 
blended, e.g., cotton/polyester, wool/nylon, wool/rayon/acrylic. Contin-· 
nous-filament yarns normally have only one component. 
In some senses continuous-filamei1't yarns and staple-fibre ya:cns 
are rather similar, because they both usually hi:!y_e a twisted. structure. 
But from the point of view of tensile strength the two types a.re very 
different. In a continuous-filament yarn each individual filament 
extends from one end of the yarn to the other. If such a yarn has no 
twist it is a bundle of parallel continuous fibres and it will hove a 
tensile strength approximately equal to the sum of the tensile strengths 
of the individual fibres. If a twist is given to th.is yarn the tensile 
strength will actually be reduced relative t:o the amount of twist inserted. 
This would seem to be undesirable but the twist is essential to achieve 
a compact yarn with satisfactory resistance to abl'.'asion, fatigue, and 
other types of damage associated with stresses otJ1er than a simple ten-
sile stress. 
Twist is also needed £or staple-fibre yarns for the same reasons, 
though these are actually of secondary importance in this case. Without 
twist a staple-fibre yarn longer than its longest fibre would be very 
weak as it would be held together only by entanglement, such as occurs in 
~~.lted yarns. 'fi1e insertion of twist is of primary .importance because it 
causes the fibres to follow helical paths which are necessary to provide 
a strong self-:lo_cking structure. A s:taf2le=-£ibre_ya1-::n is only held 
together by fr-iction between the fibres and tl,lis is dependent on the 
tranE>"\r~l:'se preE,s_ures developed by the tensioned, helically wound fibres. 
1.2.4 Manufacture of Yarns 
The manufacture of twisted continuom,-filament ya.i:ns is in princi--
ple very simple, the continuous filaments being brought to~1etr1er in a 
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parallel arrangement and then 1..:wi,,t.ed into a yarn. The manufacturing 
process for a staple-fibre yarn is basically the same but the procesr.,ing 
necessary to arrange the fibres prior to spinning and twisting is mncb 
more complicated because staple fibres are usually supplied in a random 
mass. The product of the preparatory processes is a sliver or roving, 
. --·--
which is a long continuous strand of more or less parallel fibres. The 
tensile strengtl1 of a sliver is usually very low as it is essentially a 
thick twistless staple-fibre yarn. 
The initial twisti_ng process as above converts fibres into 
'singles' yarns. For reasons of strength and texture, or colour effect, 
it is often necessary to twist two or more sin~1les yarns together. The 
resulting yarns are called folded or plied yarns. ---------
1. 2. 5 Textile Uni ts 
Perhaps the most widely accepted unit to e}..']?ress the linear density 
of fibres or fibre assemblies (slivers, yarns) is the 'tex', which i,.; the 
mass in grams of 1000 rn of the fibres or yarns. To circumvent the diffi-
culties which arise in cornparin9 yarns if the strength of a yarn is 
expressed in the conventional uni ts of force per ~j- t area of cross-
section, the specific stress. is used, which is expressed as t11e :f;"(_.:,rce per 
uni,i:_ of __ ~inear density. The specific stress is also used for fibres and 
-1 
is here expressed in mN" t.e.x Usi_ng the specific stress it is also 
easier to compare directly the structural efficiency of yarns of different 
linear densities. 
1.2.6 Wool and Wool Yarns 
The dimensions of new wool fibres are generally in the ranges of 
50 - 300 mm for the length and J.5 - 50 µm for the diameter (8) • Because 
the finest wools are generally the shortest the length/diameter ratio is 
usually well above 1000_. An additional important feature of most wool 
types is fibre crimp, which can be observed as a regular or random wave 
-------- •--.- ......_____ ____ -------
form of tl1e fibres. The internal structure and chemical composition of 
wool-are very complicated and have an important influence on the mechani·-
cal properties of wool fibres in varying physjcal and chemical environ-
ments. The most important physical factors affecting the normal testing 
of wool fibres and wool fibre assemblies are the air temperatur~ and rel-
ative humidity and the rate of extension or compression. These factors 
Joust be closely controlled to produce ,:;omparable results, because the 
fibres are very sensitive to certain changes in environment. It is usual 
to conduct tests in a I standard atmosphere' at 20 ± 2°c and 65 ± 2% RH. 
c__.,_ _ _____.......~---~- ~------~-----~--~~--
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'I'here ar.e two basic types of wool yarns, the rough and bulky 
woollen yarns and the smootl1er and rno:r.:e cornpact worsted yarns. In ma.king 
the latter type of yarns the slivers are :c:ubjected to a thorough 'combing' 
process which gives a good alignment of the fibres in the slivers. In 
the case of woollen yarns the arrangement of the fibres in the slivers 
is more irregular, leading to a gr.eater degree of entanglement and bulk 
in the y a:i:ns. 
A third, intermediate, type is serni·-worsted yarns, in which pai:t·-
ial alignment. of the fibres in the slivers is achieved by 'gilling' only 
and is not followed by ri9orous combing. The result is a slightly more 
bulky yarn than a worsted yarn. The yarns used for the evaluation of 
the analyses presented here \vere all semi-worsted yarns. 
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CHAr-'TEH 2 
YARN STRUCTURE AND ANALYSIS 
2. 1 INTRODUCTIOJ.'l 
In this chapter a review is given of the literature relevant to 
the mechanics of wool yarns. Although wool yarns are made of staple 
fibres a considerable proportion of tl1e work on cont:Lnuous-filmne.nt. 
yarns is also of interest because most aspects of the analysis of the 
latter also apply in the analysis of staple-fibre ya:cns. Another irnporl:·-
ant factor is that, for various reasons, research on continuous--filarnent 
yarns is in general in a more advanced state than that on staple .. fib:ce 
yarns. 
In the first part of this chapter research on the internal st.rue-· 
ture of yarns is discussed and this is followed by a review of the devel-· 
opment of yarn analysis. The discussion is restricted to wha.t, in the 
author's opinion, is the most important and releva.nt work. An excellent 
and complete review of tJ1e literature on the st.n1cture ai1d mechanics of 
yarns up to 1969 is the work by Hearle et al (1). 
'---._ 
In the third part of the cha.pter two important factors iu the 
behaviour of wool ya.rns ar.e discussed, namely the c01npressibili ty of 
fibre assemblies and inter-fibre friction in fibre assemblies. 
2.2 YARN STRUCTURE 
2.2.1 Idealised Helical Yarn Structure 
As there was no satisfactory method for observing the internal 
structure of a yarn at that time, the first idealised models of yarn 
structure leaned heavily on assumptions derived from external observation 
and from what was known about the spinning process. The main features 
of tlu.s I idealised I structure were: 
@ the yarn has a circular cross-section and is approximately 
uniform along its length; 
o the distribution of the fibres over the cross-section is approxi-
mately axisxmmetric with respect. to the centre of the cross-section; and 
~ each fibre follows a helical pat11 around the yarn axis, so that 
its distance from the yarn axis remains constant for the whole length of 
the fibre;. also every helical fibre path has the same pitch. 
It must be noted that because an idealised structure .is only a 
tool to promote understanding of the behaviour of yarns it is not 
exactly quantified. 
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Models derived from this idealised helica.l yarn structure have 
been used widely and with success in the case of continuous--filament 
yarns (see Section 2. 3 .1). However, it was found that when using this 
particular structure it could not be explained why a piece of staple-
fibre yarn, longer than the staple fibres, can exhibit considerable 
resistance to tensile forces. The basic reason for this phenomenon is 
the frictional forces which transmit the tensile forces from fibre to 
fibre throughout the yarn. 'I11ese frictional forces are dependent on the 
transverse pressures which develop when helically wound fibres are ten-
sioned. But the fibres on the surface of a staple--fibre yarn \·1ith the 
idealised helical structure would not be able to develop tension because 
there are no frictional forces present, due t~J:i.~ ),ack of pressure on 
the surface. So the surface fibres, owing to the lack of tension, would 
not exert any pressure on the under1ying fibres which in turn could not 
develop any tension, and so on. The result would be a yarn which was 
very weak and furthermore there would be nothing to stop· the fibres on 
the surface from peeli_r:i_';-J off so that. the whole yarn coulcJ easily be 
destroyed. 
2. 2. 2 Fibre Migrat3-on 
'l'o get aro1.md this defect the fibres must be assumed to vary their 
radial~pgs_ition, i.e., if they are at the surface of the yarn at one 
point along their path they must be ~§9 inside the yarn at other places. 
In this way the fibres could_ grip one another and the yarn could develop 
strength and cohesion. In 1947 Peirce (9) suggested that the fibres would 
follow random paths so that a staple-fibre yarn would actually be a random 
tangle of fibres. To find out the actual paths of the fibres it is nec-
essary to look inside the yarn. This can be done by using the tracer-
fibre: method first described by Morton and Yen (10) in 1952. 
In this method a small percentage of coloured fibres is added to a 
batch of uncoloured but otherwise identical fibres which is then processed 
into a yarn. When the finished yarn is immersed in a .liquid which has the 
same (or a closely similar) refractive index as the uncoloured fibres the 
yarn will become almost transparent. Because of the different optical 
properties of the few coloured fib.-i:-es these will still be clearly visible 
and their paths in the yarn can be easily distinguished. By rotating the 
yarn around i i.:s axis and n1aking mea.sure1nents in two 1.Jrojection planes at 
right-angles, the paths of the coloured fibres can be exactly defined {11). 
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On the basis of research on staple-fibre yarns wi. th the tracer--
fibre method, Morton (12) suggested that the fibres would change position 
between the inside and the outside of the yarn in a more reg·ular fashion 
than that suggested by Peirce (9). The ~a<!_l,l_i:!_l c:l_lange_ in ra_dj_us of the 
helical fibre path was called _',rn_i._g:i::i:l_tj_()n,'. . Later research with the 
tracer-fibre method by Riding ( 13), who adapted the method to continuous--
filament yarns, showed that these also e:xl1iliit migration. Morton postul-
ated that the basic reason for the occurrence of this phenomenon is 
closely linked with another shortcoming associated with the idealised 
helical yarn structure and which is concerned with the formation of the 
yarn during the spinning process. All the fibres are supplied t.o the 
fonning yarn at an identical rate but accordir:g to the idealised helical 
yarn theory the length of fibre needed for different radial positions in 
the yarn would vary. This would therefore cause higl~_,strains in the 
peripheral fibres which is of course undesira.JJJ.e. What actually happens 
according to Morton is that when the outer fibres develop a higher ten-
sion than those on the inside they will tend to interchange positions in 
the yarn. There will be a continuous process of interchange and in this 
way each fibre will oscillate between the centre and the surface of the 
yarn ctl}d_eQthe iengths of the fibre paths)will be approximately equal. 
In 1962 Hear le and Merchant (14). gave a more sophisticated f3Xplan-
ation of migration based on Morton's theory. The most important point 
raised was that migration does not occur when the fibres in the centre of 
the yarn are under tension. This implies that migration can be prevented 
by in~9-~_:i,_n9 i::he twisting tensi~~ ) 
Later, in 1965, Hearle and Bose (15) proposed a second mechanism 
based on the assumption that yarns are formed by the twisting of a flat 
ribbon of fibres (as they comrnonly-~erge from the front rollers of a 
------------·----- -------~---- _,,. "-.""1 • 
spinni_ng machine after bein5(c1rafted)\ The peculiar. way in which a rib-
bon twists into a yarn autoka.tically leads to migration if there is any 
twist in the ribbon. Hearle et al. (16) discussed the occurrence of both 
mechanisms at the same time, which is often referred to as the third 
mechanism. 
Since then there has been intensive research into the causes and 
the pattern of migration, mainly on continuous-filament yarns and synthet-
ic staple-fibre yarns. In general this work has confirmed the earlier 
theories of Morton and Hearle et al. In one of the very few publications 
concerned with wool yarns (worsted) Hickie and Chaikin (17) suggested 
that the tension mechanism as described by Morton is the most. important. 
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An important aspect of fibre migration is the radial position of 
·the fiJ:)re _ends. Morton ( 12) suggested that most of the trai_:J:_ing ends of 
the fibres would be found at the yarn surface and the leading ends wouJd 
be more evenly distributed throughout the yarn. However, for certain 
types of wool yarn Carnaby (4) found tha.t the majority of both trailing 
and leading ends were p1:esent at the surface of the yarn. 
Generally it was found that migration has bot11. regular and random 
features which can be seen in Figure 2 .1. It was also found that the 
radial position of the helical fibre path changes only slowly so that 
over a short length the geometry of an actual yarn is still similar to 
the idealised helical geometry. In the Figure the change seems more 
rapid because the dimensions are compressed in the direction of the 
yarn axis. 
Hearle et al. (18) and 'l'reloar (19) developed a modified idealised 
helical yarn structure which incorporates an ideal migration pattern. 
In this idealised structure the fibres migrate regularly and uniformly 
from the surface to the centre of the yarn and back. Each fibre path is 
identical except for a displacement along and a -rotat:L_<:>n about the yarn 
axis. This assUJnption together with the assumptions already made for the 
idealised helical yarn structure completely defines the path of the fibre. 
2. 2. 3 _Packing Density 
Another aspect of yarn structure is the radial distribution of the 
fibres which is usually determined with the aid of the cross··section 
method. This involves the immersion of the yarn. in a liquid which sets 
without shrinking and allows the cutting of thin cross-sectional slices 
without disturbing the configuration. 'Ihe slices can be examined with a 
microscope. 
It has been found L11.at in continuous-filament yarns the fibres 
are closely packed ovc~r the cross-section (20) and have approximately 
l:.n.:i:_fgrmp_acking_ densities. Staple-fibre yarns, however, especially those 
made from crirnpy fibres, are sparsely packed and the packing density var-
ies cons~~ei:-_<31:l_ly with radial position (4). The packing density also 
changes considerably_dur,ing defo:rmation. Most of the theoretical work 
on packing density is concerned with ideal close packing which is not 
relevant to staple-fibre yarns. 
-- -- yarn s.urface -- -- -- -- -- -- -- -- -- -- -- -- --
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2.3 YARN ANALYSIS 
2.3.l Continuous-filament Yarn Analysis 
The first proper analyses of the tensile behaviour of yarns weni 
made by Gegauff (21) in 1907. They were repeated independently several 
decades later in 1950 by Platt (22). In name Gegauff's work is concerned 
with staple-fibre (cotton) yarns but by asswuing no fibre slippagP.. at all 
his analysis is actually that of a continuous-filament yarn, as is tl1at 
of Platt. As both analyses a.re very similar they will be dealt with 
together. 
The main assumptions are as follows: 
(a)· the yarn :i.s a continuous-filament yarn, uniform along its length, 
and its cross-sectional outline is circular; 
(b) all the fibres within a yarn possess the same properties; they 
are circular in cross-section i.md obey Hooke's Law; 
(c) the fibres are assumed to lie on perfect helices, of constant 
radius and constant angle; all these helices, throughout. Urn cross··· 
section, have the same number of turns per unit length of yarn; the 
axis of the helices is identical with the yarn axis; . 
(d) the fibres are uniformly and closely packed in me yarn; 
(e) ·the fibre diameter is very small compared with the yarn diameter; 
(f) no lateral contraction of the yarn occurs during extension of the 
yarn; 
. (g) no cha_E9~_ in helix angle occurs during deformation; 
(h) the yarn is subject.to small strains; and 
(i) only fibre tensile forces contribute to the yarn tensile force; 
i.e., no shear, torsion, bending,. or lateral.forces apply. 
where 
These assumptions lead to the following expression: 
Sy = Srcos 2a 
specific stress of the yarn (N/tex); 
specific stress of a fibre which has the same extension as 
the yarn; and 
Cl == helix angle at the surface of the yarn. 
Platt also conside1:ed non-Hookean fibre stress-strain behaviour 
but a closed analytical expression could only be derived for some spec-
ial cases. 
A major defect in these analyses is the neglect of the _late_r_c;-1 
~.ces -in 'the· yarn which a.ct in a direction which is normal to that of 
the fibres. It is impossible to analyse a s_t.:ap_:le·-fibreya.rn properly 
without taking account of these forces. 
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The next step was to incorporat-:: the lateral forces which was 
,,,,,---<~\ 
done by Hearle (2~)//in 1958. His assumptions are stated clem·J.y and 
systematically and are otherwise much the same as for the previous work 
by C--egauff and Platt. 'The lateral forces are assumed to be constant in 
all directions normal to the fibre axis. A transverse elastic modulus 
(E
2
), an axial Poisson's ra_tio (0
1
), and a transverse Poisson's ratio V 
(a) are introduced to describe the behaviour of the fibre material 
2 
under the more complicated stress pattern. All of these parameters are 
assumed to be constant. The actual analysis is done by taking a small 
element of the yarn, with sides para.llel and perpendicular to the fibre 
axis, and equating the forces acting on it. 'rhis method is called 
force.:.analysis or stress-analysis. '11he expression obtained for the 
stresses in the yarn and the yarn specific stress are relatively simple 
and can be evaluated numerically. 
In 1961 Hearle et al.. (24) published an extension of Hec:trle's 
previous work. A critical discussion is given of the assumptions used 
and two alternative analyses are presented. The first analysis is 
essentially the same as the previous one except that it incorporates 
lateral contraction of the yarn. The _cha_nges :Ln yc1}'.'11 diamet;2"J_:: are 
taken into account by introducing a term o which. is the a:l~ial Poisson's 
y 
ratio of the yarn. The second analysis takes account: of large yar:n 
strains, restricted non-linear fibre tensile behaviour, and lateral con-
traction of_ the yarn, but to make the analysis tractable the transverse 
forces are n_egl_ected. A combination of both analyses is desirable but 
at that time seemed difficult to achieve with stress--analysis. 
To overcome these difficulties Treloar and Riding (2) introduced 
a new 'energy analysis'. In this the internal elastic energy of the yarn 
is expressed as a function of the yarn extension (D.Ly) and is then differ-
entiated with respect t9_~ which yields -the yarn tensile -force. 
Although not actually mentioned this is essentially-the well-kn~wn \/ 
virtual -w9:i=k method. 
The main advantage of the energy method is that it can cope quite 
simply with large yarn strains, any kind of non-linear fibre tensile 
behaviour, lateral contraction, and lateral forces. By assuming incom-
pr,essibil_i_ty of the fibre material, which is quite reasona_ble, the energy 
can be expressed solely in terms of the axial extension of the fibres. 
The yarn itself is also assumed to extend without change in volume. The 
assumption's about the yarn structure are the same as in the previous 
analyses. The predictions of the theory for the stress-strain curve of 
continuous-filament yarns agree very _well w_i-U~_ re3_ults_ f:rnm_tc!xpe:r::iments. 
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In 1965 Treloar (19) incorporated migration ln his earlier theory 
in order to check the assumption that if the rate of migration is not 
too greaj:: its influence would be very small on the tensile behaviom.:- of 
a cont.inuous·-filament. yarn. A method is presented to calculate the fib:ce 
paths in the Ci'l.Se of regular migration between tl1e centre and the surf2.ce 
of the yarn. 'l'he key assumption is that frictionalforces will prevent. 
the 'flowing' of tensile stress from one part of a fibre to another. 
From this assumption it follows that the tensile stress in a certain part 
of a fibre is only dependent on the local yarn defonnation. 'J'he fimi.J. 
results show that the difference in tensile strength between the ideal-· 
ised helical yarn model and the migration model are_rn:inimal. 
In 1976 Carnaby ancl Grosberg ( 3) used Treloar and Riding's ~n_ergy 
m~thod to analyse staple-fibre yarn behaviour. To separate the effect 
of slippage near the ends of the fibres from other factors they tested 
tJ1e staple-fibre yarns at sho~-:1:~gau_9i3 !E?ngths (25 rnm). so that the yarn 
would essentially behave as if it were composed of continuous fibres. 
'l'he difference between the results of the analysis and the experiments 
is considerable even when allowing for some unavoidable slippage. 'rhese 
I 
authors suggested that some of the assumptions used by Treloar and Riding, 
al though reasonable for continuous·-filament yarns, are too restrictive 
for staple-fibre yarns. 
In the case of semi-worsted yarns (and the majority of wool yarns) 
the packing density is both low and radially dependent in the unstra.ined 
state. Also by studying the cross-sections of unstrained and strained 
yarns it seemed tmrealistic to assume constant volume deformation or any 
other tmiform lateral contraction. The basic solution to this problem 
is to let the yarn model somehow sort .its geometry out during the defor-
mation instead of imposing an arbitrary geometry by insisting on a radi-
ally independent Poisson's ratio. 
To make th:i.s feasible it was necessary to def in~-- the mechanism 
which controls the lateral movements of the fibres. On one side this is 
the pressure exerted by the helically wound fibres under tension, which 
is already taken into account in the earlier analyses. On the other side 
the lateral movements are restricted by the resiE>_t:._ct_nce of the fibres to 
close packing. Carnaby and Grosberg incorporate this in their analysis 
by using a van Wyk·-type relationship ( see Section 2. 4 .1) which defines 
the pressure within a fibre asr:;embly as a function of its specific volU_!t~. 
As the variable packing density and the non-uniform lateral con-
traction will cause highly non·-linear distributions of stresses and 
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strains in the radial direction the model is .subdivided into concentric 
cylindrical zones. Aspects of the idealir;ed helical yarn geometry are L/ 
retained so that each fibre stays wi_tllin a certain zone ove:c its whole 
length and during the whole deformation. 'l'he energy in each zone due to 
tensile deformation and close packing can be expressed as a function of 
the material parameters, ya_rn extension and th!.;! inner and outer radii of 
each cylinder, the latter becoming the unknown parameters of the problem. 
The equilibrium_st~t-e of the yarn at a certain extension is found by 
minimising the energy content with respect to the unknown parameters. 
------ --------------.---·---------·-----·--- ------ ---
The yarn tensile force is then found from the principle of virtual work. 
At low yarn strains of up to 12%, the results of the analysis 
agree.favourably with experimental data obtained by testing wool yarns 
at short gauge lengt~s. Study of the deforming geomet.:cy of the yarn 
-- -·--~-~------· ------------~ 
model shows the non-uniform .lateral movements of the fibres as a function v 
both of radial position and of yarn extension. 
A more detailed discussion of Carnaby's yarn analysis is given in 
Chapter 4. 
2.3.2 Staple-fibre Yarn Analyses 
Although the theories in the previous section are of considerable 
relevance to the analysis of wool yarns and staple-fibre yarns in general, 
they do not constc:l(:)r t_hE:! _c()nsequenc::~9 . of the discontinuous nature of 
staple fibres on the behaviour of a yarn. '.Phis is of the utmost import-
ance if a realistic analysis of stap.le-·f.ibre yarns is to be achieved. 
However, probably due to the complicated nature of this problem, there 
have been very few p_ublications on this subject. 
The most realistic of these is an analysis incorporattng fibre 
migration by Hearle (6) in 1965, which is briefly discussed below. As 
discussed earlier, fibre mig:i;:ation is essential in a staple-fibre yarn 
otherwise such a yarn would simply $lip apart. Other analyses by S.Ulli-
van.(25) and Holdaway (26) do not incorporate migration but use an imag-
inary external pressure on the yarn in order to start the build-up of 
the internal transverse pressure. 
Hearle's staple-fibre yarn analysis is based on his continuous-
filament yarn analyses (23, 24) discussed ee.rlier but incorporating 
migration and fibre discontinuities in this case. The sole cause of the 
axial tension in the fibres is inter-fibre friction. The a~J.al_ tension 
is zero at. the fibre ends but there is a graduc1l_ builct-·up of .trictior1al 
resistance along the fibre and hence of the tension which can be main-· 
tained. The frictional resistance is caused by the '.9rip' of neighbour-
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ing fibres which is a function of the transverse pressures in the yarn. 
At a certain distance front the end of the fib.re the frictional resistance 
built up allows the fibre to maintain the tension as determined by the 
extension of the yarn. From this point on the axial tension in the fibre 
is governed by the extension of the yarn. The problem in solving the 
yarn equations is that the transverse pressure is dependent on the axial 
tension in the fibres which is in turn, along a cc""rtain distance from tl:Je 
ends, dependent on the transverse pressure. Because of this the solution 
must be obtained by an iterative process. Hearle gives the equations and 
a basic procedure for producing a solution for these equations, but no 
analyses were attempted. 
2. 4 PROPERTIES OF WOOL FIDRE ASSEMBLIES 
2. 4. 1 Cornpre ssi ve Be ha vi our of Fibre As~~rnb_liE:_.-~ 
The compressive properties of fibre assemblies have been exten-
sively researched and a review on the subject has recently been published 
by Carnaby (27). Here only the factors directly relevant.to the present 
analyses will be discussed. 
The vast: majority of the work on the compressibj_Jity of fibre 
assemblies is based on a paper by ~_WYk (5), published in 1947. Van 
Wyk derived a theoretical relationship between the applied pressure on 




= K ( V - 3 - V .. 3 ) 
P sp sp
0 
( 2 .1) 
p -- applied pressure on the assembly; 
K = a constant, to be called the van Wyk constant, which is 
dependent on certain fibre parameters; 





= the specific volume when p = o. 
The specific volume of a fibre assembly, Vsp' is defined by 
V = total volume of the assembly; and 
M = mass of fibres in the assembly. 
( 2. 2) 
A comparison between the theoretically.derived relationship and 
expe:r:imental results by van Wyk and later workers showed a reasonable 
agreement. 
The most important aspect of van Wyk 's theory is that the resist-
ance of the fibre assembly to compression is solely attributed to Uw 
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energy necessary to bend the~ f_~bres into certain configurations so that 
the assembly as a whole tc1.kes up less volrnne, The bending energy is cal-· 
culated by considering the assembly of fibres as a system of Lending 
units. These bending units are the segemnts of fibre between adjacent 
fibre-to-fibre contacts. 'I'he unknown parameter in the ensuing eqUcitions 
is~ the mean di.stance between contact points, which is found to be a 
linear function of the specific volume of the fibre assembly: 
b == a. V8P 
where a is a constant. 
( 2. 3) 
In the case of slivers and yarns the fibres are in general not 
randomly oriented hut roughly aligned. In a yarn as a whole the differ-
ence in orientation between fibres on the surface and at the centre can 
be considerable but because the change is gradual the local situation in 
a yarn can be considered to be approximately the same as in a sliver (28). 
Several authors ( 29 - 33) have derived e2~pressions for the mean distance 
between fibre contact points, b, in a sliver where the LLbres a.re roughly 1 
aligned. The form of the expressions is quite different but they can a11 
be written as: 
b =, a.vsp· f (0) (2.4) 
where f (0) is a cor~c-±-Lon ~c1::()r, 0 being the avera~ge_angle of devj_a-
tion of the fibres from their general direction. 
As bis still a linear function of V the relationship between 
sp 
the ap£1:Jed _f>:r_<=_r3sure on a roughly aligned fibre assembly and the specific 
volume is of the same form as the relationship derived by van Wyk for 
randomly oriented fibre assemblies (Equation 2.1): 
P - Y'0' 1 V -
3 - V - 3 \ - ' \ , • \ sp spo ' (2.5) 
As is indicated in the equation the van Wyk constant, K, wilJ_l:>e depend-· 
ent on the orientation of the fibres. 
,It must be emphasised that the above theory is only valid for a 
certain rang·e of:_ th_e _ specific volume _of the fibre assembly. If the 
~ ~------- - -- . -- ·- ,--
assembly is compressed so much that the specific volume approaches that 
of the fibres, which is 0,76 for wool, the compressive behaviour of the 
assembly will be governed ma.inly by the compressive properties of the l,, 
fi}?re mate:r.ial. In that case the van Wyk relationship will be invalid 
as it is based solely 0_12__fiL1r_e b~11ding. However, it was found that the 
smallest values for V which occur in the yarn analyses are still within 
sp 
the lirni ts of the van Wyk bending theory. 'I'.hese lirni ts cannot be defined 
exactly but the results of experiments carried out at WRONZ on the com-
pressibiJ.i ty of wool slivers, see Appendix F, have s}10wn a well-defined 
20 
region where tJ1e experimentally obtained curve deviates from the theor·-
etical curve. A typical result is shown in Figure 2.2. 
There is as yet no theoretical method for determining a value for 
K. However, it can be determined experimentally by a simple met.hod des-
cribed in Appendix F. 
The greatest rneri t of the van Wyk theory for yarn mecha_nics lies 
not so much in the expression derived for the compressibility of fibre 
assemblies, although this is convenient, but in t11~~ in~ight it give~ 
into the causes of the resistance of slivers and yarns to close packing. )) 
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2.4.2 Inter-fibre Frictional Forces in Yarns and Slivers 
One of the most important factors governing the behaviour of a 
staple--fibre yarn is tll.e fr:i._ctiQnal forces exerted between the fibres in 
the yarn. Before attempting a proper analysis of a staple-fibre yarn 
which incorporates the effects of the fibre discontinuities and fibre 
slippage it is necessary to have an expression for the inter-fibre fric-
tional forces. 'l'here are no theories or experiments on this subject in 
relation to actual yarns but, as in the case of the compressive behaviour, 
research on the subject in relation to slivers can be used as the local 
situation in a yarn resembles that in a .E...liver. 
The aspect of the research on inter-fibre friction in slivers 
which is most relevant to staple-fibre yarn analyses concerns tl1e -y.1itb-
r---- .. 
draw al force of a single fibre from a sliver, I _W,F ,/ and which is defined as 
~,,.,_. 
rvF = F.L- 1 I.--· 
where Fis the force necessary to keep the fibre moving, and 
Lis the length of fibre present in the sliver, see Figure 2.3. 
In 1952 Postle et al. (34) derived a theoretical relationship 






= (1 - E) . µWF + WFo 
-1 
E = Vair • V total 
11air = voll,me of air in the sliver; 
V = total volume of the sliver; total 
µWF = friction constant; and 
WF0 == withdrawal force when p = o. 
( 2. 6) 
L/ 
This relationship was con finned by the results of experiments car-
ried out by Postle et al. and later by Anderson _et al·. (32). •r:he wit11-
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Fig. 2.2. Lateral compressibility of a wool sliver 
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Fig. 2.3. Single fibre withdrawal from a sliver 
' z 
WFa 
p/(1- E) (N.mm-2 ) 
Fig. 2. 4. 'rheoretical curves for single fibre withdrawal from a sliver 
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made by the withdrawn fibre with surrounding fibres in the sliver and --------•--•'-- ---- --•--·--•----••• -~-•a• 
the frictional force peJ~ contact,flfEJ The expression used fo.-c E'F is: 
(2. 7) FF = µ F + FF0 • N 
I 
where µ = coefficient of friction (constant); 
FN = normal force at a contact; and 
FF0 = value of FF when F = o. N 
In the analysis a relationship between the normal force at a con--
tact, F N' and the external pressure, 1-;] is derived from which follows: 
p = 0 => FN = 0 
Together with Equation (2.7) this impli,es that fvF0 1 which is 
definitely not zero, is solely due to the factor FF0 • 'l'his is the most 
contro'le_~f:3_~~1- point_in the _analysis because in the case of pure friction 
FF0 is non-existent. However, it was supposed ·to represent an __ adhesional 
f~£_~,- which was backed by some experimental evidence ( 33) . 
Grosberg ( 31) , however, supported by other experimental evidence, 
denied the existence of FF0 and developed a theory which explained non~· 
zero values of WF0 without having to resort to the a~~9_t1ousfact.:ox:.,_FF'0 • 
Essentially his explanation is that although the external pressure on an 
uncompressed sliver is zero (p = 0) the normal _forc~l3_at _tI1:e fibre con-
t~~tEJ __ _{_fNL_c3.o 11otv.ani,sh. Grosberg suggested that an uncompressed sliver 
contains stored elastic energy which cannot be released due to th.<3 fric-
tion between the fibres. This 'locked-in' energy will cause non-zero 
normal forces at the fibre contacts even when p == O. The theoretically 
derived values of WF0 agree reasonably well with experimentally found 
values from uncompressed slivers. For large values of the external pres-
sure on the sliver, p, Grosberg's expression for WF becomes identical to 
Equation (2.6) but without the factor WF • In Figure 2.4 both theoretical 
0 
curves are shown for equal values of WF0 • 
The theoretical evaluation of the parameters involved in the 
expression for WF is quite complicated and is also dependent on fibre-
and sliver properties which are diffi_c_uJ_t_to __ de_termine. A direct experi-
,--------
mental determination of the parameters requires specialised equipment; 
WF0 is especially difficult to determine accurately. 
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CHt.\PTER 3 
THE FINITE-ELEMENT METHOD 
3.1 INTRODUCTION 
•rhe fini te·-element method, which has been used successfully to 
solve a wide variety of problems, originated in structural engineering 
in the 1950s. In the 1940s several applied mathematicians such as 
Courant (35) and Prager and i3ynge (36) had developed techniques which 
are now recognised a~J basic fini te--element methods. However,· the first 
formal applications, which are generally attribnted to Ar~wris (37) and 
Turner et al. (38), appeared independently from the earlier matherna.tj_cal 
approaches a decade later in aircraft structural engineering. \vi th the 
increasing availability of high-speed digital computers a rapid develop-
ment of t.he finite~elernent method to cover a wide range of probler1s :Ln 
structural engineering and solid mechanic::, followed. In the early 1960f, 
t.he method was extended to cover non-structural fields such as fluid 
mechanics and heat conduction ( 39) • 
In the early years the development was largely based on 'corm:-ion 
sense' and engineering 1 intuition 1 but slowly a more formal and rigorous 
mathemat:i.cal description of the rnetJ1od was developed< Later on mathernat·· 
ics was not only used to support the less formal engineering approaches 
but to lay the ba.sis for new techniques which have widened the scope of 
the finite-element method considerably. 
'l'he method is now well doclJlllented by thousands of publications 
(40), the majority being specialised pape.rs. More general textbooks 
(41 - 47) ha.ve appeared during the past decade. 
To provide a basis for the work in this thesis the concepts of 
the finite-element method and its application to solid mechanics will 
be discussed briefly. 
Although the formulation can differ significantly from problem to 
problem a finite-element method can be distinguished by the following 
principal features (43): 
(a} the physical region of the problem is sub-divided by a mesh of 
imaginary lines or surfaces i.:nto sub·-regionB, the so~called finite 
elements; 
(b) one or more of the dependent variables is approximated in func--
tional fonn over each eh:ment; the parameters. of these trial or shape 
functions becont:'! the unknown.s of the problem; and 
2 .-._) 
(c) substitution of the above approximations in the goven1ing equa-
tion (s) of the problem yields a set of equations in the unknown paramet-
ers, which can then be solved to give Uw approximate solution to the 
problem. 
To ensure that the fini te--element idealisation provides an accur-
ate representation of the problem certain conditions must be met by the 
trial functions. 'I'hese conditions for the solids mechanics case will be 
discussed in Section 3.2.2. 
To give a more detailed account of the fini te-elernent method it 
is helpful to choose an exa.rople from a particular field and because of 
its relevance to the wool yarn analysis a simple axisymmetric s.:olid 
mechanics example is chosen. 
3.2 APPLICATION TO SOLID MECHANICS 
The problem outlined below is the anc1lysis of a cylindrical rod 
under axisymmetric loading and of which the displacements are confined 
to the R (radial) and z (axial) direct.ions, see Figure 3.1. The rod is 
assumed to consist of a linear elastic isotropic material and it is a.lso 
assumed that the configuration does not change significantly afteJ_- loading. 
There are several finite-element methods available for analysing 
solid continua, the difference between them being in the choice of the 
variable to be approximated and the governing equation. Here the most 
common method will be used, based on asswned displacement_ fields and 
using the principle of vi:r:tual work (or minimum potential energy) to 
develop the gove:i::ni~g equations. Other methods are based on assumed 
stress- and displacement fields and use different governing equations 
such as the principle of minimum complementary energy or Reissner's 
variational principle (48). 
3.2.l Finite Element Sub-division 
The rod is sub-divided by a mesh of imaginary lines into finite 
elements which are interconnected at certain points on the boundaries, 
the so-called__11ode_s. In axisymmetric analyses the elements are rings of 
constant cross-section in the R-Z plane, as can be seen in Figure 3.2. 
As the displacements of all points with the same Rand Z co-ordinates 
are identical the deformation of an axisyrnmetric element can be repres-· 
ented by a single cross-section in the R-Z plane. In this case the 
cross-sections are taken as rectangular and the nodes are situated at 
the corners,. so there are four nodes per element. In Figure 3. 2 a s im-
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An important feature of the finite-element method is that the 
equctti()l}i:l_ dexived for a typical element are valid for all the elements 
if they are all of the same type. In Figure 3.3 a typical element, i, 
is illustrated with the node numbering which is the so-called local- or 
element node numbering. As the problem is essentially two-dimensional 
the displacements of the nodes are broken down into components in the 
R and Z di:i:-ectigl}§, the so-called degrees of freedom of a node. The 
element as a whole has eight degrees of freedom and the corresponding 
displacements are contained in the element nodal displacement vector {u} 
where {u}T == < u 1 R, •• , u u u,. Z > 11 R ' 1 Z ' • • ' .., 
in which the first ~upscri:pt denotes the node number and the second the 
direction. 
3.2.2 Displacement Field 
An important step in the analysis is the selection of a displace-
ment function that uniquely defines the displacement of every point 
within an element as a function of the nodal displacements. In.general 
the displacement field {ii} over an element can be written in the fonn: 
{u (R, Z) } := [ N (R, z, Ri' zi) ] . {u} 
wllere R, Z are the co-ordinates of an arbitrary point; 
Ri, Zi are the co-ordinates of the nodes; 
{u} is the nodal displacement vector; and 
{u}T == < uR , uz > • 
( 3 .1) 
The functions contained in the matrix [NJ are generally referred to as 
the shape- or trial functions. 
To ensure a proper description of the problem which is character-
ised by monotonic convergence to the correct solution with mesh refine·-
ment the displacement field must satisfy certain criteria (42, 44, 46): 
(i} if the element is subjected to a rigid body moti_911_the internal . 
strain ene.rgy and the nodal forces must remain zero; 
(ii) if the element nodal displacements are given values corresponding 
to a state of constant strain the displacement field must produce a state 
of constant strain wi_thin the element; and 
(iii) the displacement field must po~s_e_ss continuity within the element 
and across the element boundaries, of the type required by the variational 
basis of the formulation. 
In particular·, continuity of all derivatives up to one order less than 
the maximum order appearing in the governing equation is mandatory. 
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The derivation of the shape functions, which lead to an admissible 
displacement field, can be accomplished in tvm different ways. The first 
method is to describe the displacement field {ii} in terms of a polynomial 
expression in the appropriate co-ordinates. As the problem is two-dimen-
sional this leads to 
uR (R, Z) 
uz (R, Z) 
== < p (R, Z) > . {a} 
R 
== < p (R, Z) > • {a} z 
(3.2a) 
(3.2b) 
where {a} R and {a} Z are sets of genera:Lised displacement. parameters, and 
< p > is a set of functions of R and Z as defined by the Pascal 
triangle 
P := 1 1 




Expressions for {a} R and {a} z are found by stLbsti tuting tl1e val-
ues of the displacements at the nodes into Equations ( 3. 2). 
iiR (Ri , zi ) --
ii z (Ri 'Zi ) == 
UiR == < p(Ri ,Zi) > .{a}R 
uiz == < p(.Ri,Zi) >.{a}z 
( 3. 3a) 
(3.3b) 
Repeating this for Rll four nodes of the rectangular element 
leads to 
< p(R1, z1 ) l l·{a}R <p(R2, z ) {u}R 2 [P]. {a}R == == < p (R 3, z 3) 
< p(Rlf ' Zit) 
. (3.4a) 
{u}z == [P] .{a\ • ( 3. 4b) 
where {u} T == < u1R'U2R ,u3R rl.¾R > R 
{u} z T == < u1z ' u2z ' u3z , u1tz > 
T 
{u} / > { u }T < { u} R , --
It is clear that the polynomial in Equations (3.2) must contain 
four terms otherwise Equation (3.4) cannot be solved for {a}. A poly--~----~-~-~-~ -
nom.ial with four terms is incomplete because outside t.1-ie three lower 
order terms (1, Rand Z) it can only contain one of the three quadratic 
terms (R 2 , RZ and z2). The choice is not difficult because only the 
term RZ wiJl__i>_c1t_isfy the condition that the displacement field is linear 
along any element boundary. In any case it is undesirable to include 
terms which make the displacement function asymmetric with respect to 
the co-ordinate axes. The resulting expression for < p > is: 
< p > == < l R Z RZ > ( 3. 5) 
and the displacement functions become: 
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{u(R,Z)}R = <1 R z RZ > {a} R (3.6a) 
{u(R,z)}
2 
-- <l R z Rf >{a}z (3.6b) 
These satisfy the conditions stated before. 
The generalised displacement parameters {a} and {a} can now be 
R Z 
solved from Equations ( 3. 4) by inverting [P] : 
{a}R = [PJ-1.{u}R 
{a} z = [P]-1.{u}z 
where 1 Rl z 1 Rl zl 
[P] 
1 R2 z2 R2Z2 
= 
1 R3 zs R3Z3 
1 R4 2 1f R4Z4 
Using Equations (3.7) and (3.2), Equation (3.1) can now be 
written as: 
where 
= [\ N> 
<o> 
< 0 > l {u} 
<N> 
<N> = <p>. [PJ-l = <N1 N2 N3 N4 > 
<O>=<0000> 
The shape functions Ni contain permutations of the nodal 
co-ordinates R. and z., and the functions R, Zand RZ. 
1. 1. ~~--- -
(3. 7a) 
(3.7b) 
( 3. 8) 
The shape functions found in this way are in fact J;agrangian 
interpolation functions based on the displacements at the nodes. 'Ihese 
interpolation functions can be derived directly which is often more con-
venient than using the indirect method which involves a matrix inversion. 
This is especially true when a convenient co-ordinate system is used as 
shown in Figure 3.3 where the axes are parallel with the sides of the 
elements. The shape functions as derived by the direct method are (43): 
Nl = (RZ - RZ4 - R2 Z + R2 z4 ) / ab 
N2 = (-RZ + RZlf + R1 Z Rl z4 )/ab 
N3 = (-RZ + RZ1 + R2 Z R2 Z1 )/ab 
N4 = (RZ - RZ - R Z + R Z ) /ab 1 1 1 l 
where 




3.2,3 Governing Equation 
The governing equation in tJ1is case is the principle of vir_tual 
work. Given a certain configuration of an object which is in static 
equilibrium, the principle of virtual work sta.tes that when the displace~ 
ment field of the object, u, is augment.eel by a k.inernat.i.cally admissible 
virtual displacement field, ou, the following relationship hol,S'L? (50): 
or-v ,.... = f o {E}T {er} d v 
e},1.-
V 
where or1ext = work done by forces acting on the object; 
6 {E} virtual increment in strain due to oii; 
{a} - stress at the given configuration; and 
JV= inteqration over the volume of the object.. 
( 3 .10) 
The external work owext is due to the external forces which are 
in equilibrium with the internal stress-field caused by u. Applying tbe 
principle of virtual work to a single finite element and assuming that 
---- -- ---
the external forces are concentrated at the nodes the external work 
or11ext can be expressed as: 
OW = {ou}T.{j} 
ext 
{.c-u}T = where u < 0 u l , o u2 1 • • • 0 u > 
R · R 4z 
virtual element nodal displacement vector; 
{f} ;: < fl t f2 t • • f11 t fl r • • l4 > R -R R Z Z 
element nodal force vector. 
The virtual increment in stra.in o{E} due to {ou} is 
O{E} = o{E} . {ou} 
o{u}T 
. (3.11) 
. ( 3 .12) 
Substituting Equations (3.11) and (3.12} into Equation (3.10) 
yields 
{ou}T_{f} = {ou}TJ cl{E}T. {a}.dv 
V 8{u} 
• (3.13) 
For any set of non-zero values for {ou} Equation 3.12, becomes 
{f} = J 8{E}T • {a}.d V 
V 8{u} 
. (3.14) 
where {f}, the nodal force vector, is in equilibrium wi tl\ the internal 
stress field, {a}. By expressing the stresses and strains in terms of 
{u}, {f} can be written as a function of {u}: 
{f} = {f({u})} . 
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3.2.4 Stresses and Strains 
To express the element nodal forces as functions of { u} it is 
necessary to express the strains and stresses in t:errns of {u}. In the 





{E} E00 u~J (3.15) = = R R .•· - //; 
E uz z zz f 
E UR z+ uz, R RZ I 
where CT is ii differentiated with respect to Z etc; and 
R, Z R 
ERR' E08 , EZZ and ERZ are the radial strain, the hoop strain, the 
axial strain, and the shear strain respectively. 
Using the expressions for iiR and iiz from Equation (3.8) and 
differentiating with respect to the appropriate co-ordinates yields the 




<N, R> = 
<N, Z> = 
<N/R> -
<N,R>< 0 > 
<N/R>< 0 > 
< 0 ><N,Z> 
<N,Z><N,R> 
< z -. z4 I -z + Z4 I 
< R-R2, -R + R1 , 
< N>/R . 
. {u} = [B]. {u} 
-z + z1 , Z - Z1 > /ab 
-R +~, R -R1 > /ab 
are derived from Equation ( 3. 9) . 
. ( 3. 16) 
Because the shape functions N. are independent of {u} the matrix 
J_ 
~] will also be independent of {u}. 
For an axisyrnrnetric problem with linear elastic isotropic mater-




00 [ D] 
E00 
[D] .{E} ( 3 .17) - = 
a Ezz zz 
aRZ ERZ 
/~, 
where ~6)) 1-v \) \) 0 l 8 \) 1 - \) \) 0 [D] = (l+v)(l-2-v) \) (3.18) \J 1-v 0 
0 0 0 ( l ·-/V) J 
and .£ = the elastic modulus of the material; 
\) = Poisson's ratio. 
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With linear elastic material the elastic constants E and V are 
independent. of the strain level and therefore of the displacements. 'J.'he 
stresses can be written as functions of {u} by substituting· Equation 
(3.16) into (3.17) which yields: 
{a}= [D].[B].{u} . {3.19) 
3.2.5 Stiffness Matrix 
Substituting Equations (3.16) and ,3.19) into Equation (3.14) 
gives the element nodal force vector as a function of {u}: 
{f) ~ L . ( 3. 20) 
Because of axial symmetry the volume integral can be transformed 
.into an area integral in the R-Z plane. Doing this and differentiating, 
Equation (3.20) becomes: 
. (3.21) 
where A is the area of the cross-section of the element. 
The term on the right-hand side of Equation (3.21) is by defini-
tion the stiffness matrix of an element because it links the nodal dis-
placements with the nodal forces . 
. {f} = [k]. {u} (3.22) 
where [k], the element stiffness matrix, is an ~§_ _ __ITt<l:~l'.'~x in this case. 
As both matrices [BJ and [D] are independent of {u} the stiffness 
matrix will also be independent of {u}. In the axisymmetric case, 
because of the R-1 terms contained in. [BJ, the integral in Equation 
( 3. 21) cannot be evaluated analytically and numerical integration tech·-
niques are necessary. 
Repeating the procedures outlined above for each element, the 
nodal forces which are in equilibrium with the individual stress-fields 
of each element can be determined as a function of the element nodal 
displacements: 
{f}, = [k] .. {u}, 
.1 ! J 
3.2.6 Assembly and Solution 
• (3.23) 
To determine the equilibrium equations of the model, the elements, 
which are analysed separately in the previous section, are assenmled 
·into the finite-element model. Because of the continuity of the model 
certain· nodes of adjacent elements must be identical to each other as 
33 
can be seen in Figure 3.4. For example node 4 of element 2 is identical 
to node 3 of element 1, etc. In Figure 3. 5 the nodes of the a_ssernbled 
model are numbered according to the whole model, often referred to as 
the system nodal numbering. 
For the assembly it is convenient to change the subscripts of 
the element nodal displacement- and force vecton3. In the previous sec-
tion two subscripts were used, one for the node and one for the direc-
tion; these are replaced by a single subscript. The R-displacements and 
R-forces are numbered 1 to 4 and the Z-displacements and Z-forces are 
numbered from 5 to 8. 
Thus for i l-;,4, U, = U• t f. = f· 1. 1.R 1. 1.R 
-- s~s, U, = u (i - 4) ' f. = f (i - 4) z . 1. 1. z 
This has no influence on the values or the arrangement of the terms 
within the vectors. 
The displacements of the nodes as numbered according to the sys-
tem are collected in the system nodal displacement vector { u} and the 
subscripts are numbered in the same fashion as above. 
{ u} T = < u1 , u2 , us 1 • • uNOD ' uNOD + 1 ' · · · u1'DD2 > 
where NOD is the total number of nodes in the system; 
NOD2 2 X J\.TQD • 
'111.us for i = l • NOD, U. = U· 
1. _1 R 
i = (IDD + l) • NOD2, ui = u(i ·- NOD) Z 
The individual terms of {u} are equal to certain element nodal 
displacements, for example: 
= ( u ) 
7 2 
etc. 
Note that the parameters which are defined with respect to an 
element are written with lower-case letters and those defined with 
respect to the system are written with upper-case letters. 
The nodal forces acting on the system nodes and which are in 
equilibrium with all the stress-fields in the model are contained in the 
system nodal force vector {F}: 
T 
{F} = < Fl I F2, •• I FNOD I F(NOD + 1}, .. , Fl\DD2 > 
The same subscript numbering is used as with {u}. 
To determine the terms in {F} the principle of virtual work is 
z 
RJ 
3 2 1 
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applied to the model as a whole. As discussed in Section 3.2.5 th.Ls 
leads to the following relationship: 
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NELJ cl{E}T 
F. == I -- . fo}.dv. 
J. j==l V. clui J. 
• (3.24) 
- J. 
where NEL is the total number of elements in the model. 
For most elements the first term under the integral si~rn in 
Equation (3.24) will be zero because the strains in those particular 
elements are not functions of U .• 
1. 
For example, taking F3 , only the 
elements adjacent to system node 3, i.e., 1 and ~, will contribute to 
the right-hand side of Equation (3.24), and writing u3 as (u2 \_ and 
respectively, F can be written as: 
3 
+ f cl {E}T -- . fo}.av; 
·V dU 
2 1 
With the aid of Equation (3.14) the above equation becomes: 
F ==(f) +(f) • 
3 21 1~ 
This result implies that the system nodal force· act:Lrig· on a sys-
tem node i, F. , is the sum of the element nodal forces of the element 
J. 
surrounding_i, which act on the element nodes equivalent to i. The 
elements which do not surround i do not have an equivalent node to i 
and therefore they will not contribute to F . • 
J. 
Using Equation (3.22) the above equation can be expanded: 
F3 ::: <\ 1 • ul + k2 2 • u2 + k2 a • us) 1 
+ (kl 1 • ul + kl 2 • u2 + • kl 8 ·us\. 
Switching to system nodal numbering for the nodal displacements 
and rearranging yields: 
where 
+ U ,( (k ) ) + U(".....,D +l)'( (k ) ) + • 
6 l 3 g_ 1,,-.., 2 5 .!. 
Finally this can be written using system stiffness terms: 
F3 = ul .Kl + u2 .K2 + 
+ UNOD +6 • KNOD +6 
Repeating this procedure for all system nodal forces yields the 
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system nodal force vector expressed in terms of tl1e system nodal displace-
ments: 
{F} = [K].{u} . (3.25) 
where [ K] is the system stiffness matrix. 
Because all the element stiffness matrix terms are independent of 
{ U } , the system stiffness matrix will also be independent of { U } • 
To keep the model in equilibrium the external loads, P, must be 
identical with the system nodal forces, F. The external loads a.re applied 
at the nodes and are contained in the nodal load vector, { P}. The equil·· 
ibrium equations of the model are 
{p} = {F} = [K].{u} . (3.26) 
The nodal displacements { u } which cause stress fields which are 
in equilibrium with the load vector { P} can be solved from Equation 
(3.26). Because [K] is independent of { u} Equation (3.26) is a set of 
linear equations in { U} which can be readily solved by well-known tech-
niques ( 59) . When the desired displacement vector { U } is fotmd the 
stresses and strains for each element can be determined by substituting 
the appropriate terms of { U} into Equations (3.16) and (3.19). 
3.3 NON-LINEAR BEHAVIOUR 
The problem discussed in the previous section led to a linear 
relationship between the unknown displacements and the loads acting on 
the object. This can only be the case when there are linear relation-
ships between displacement and strain (Equation 3.16) and between strain 
and stress (Equation 3.17). However, many problems exist in which such 
linearity cannot be assumed without causing significant errors in the 
solution. These so-called non-linear problems are usually sub-divided 
into three categories reflecting the causes of non-linearity (49). 
(a) Material. no11·:J-it1~ari ty, which is caused by pl1E;!nomena sue}). as non-
linear elasticity, plasticity, visco-elasticity, or other types of com-
plex constitutive relationships. 
{b) Geometric non-linearity, which is related to significant c:hanges 
in the geometry of the object during the loading process. 
(c) Combined material-· and geometric non-linearity. 
In -all these cases the outcome is a non··linear relationship 
between the displacements and the loads. 
v 
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{p} == {F({V})} . (3.27) 
where { F } is a non-linear function of { V } • 
Although the non-linearities in the. equilibrium Equation (3.27) 
can have different causes the solution methods are basically the same 
fo:t all cases, some examples being given in Section 3. 3. 5. 'I'he formula-
tion of the equilibriwn equations varies with the cause and degree of 
non-·linearity. Relatively simple are problern3 with well-defined D_On-
linear elastic materials and small displacements or problems with larg-e 
displacements but small strains and linear elastic material. The set.ting 
up of the equilibrium equations in these cases is similar to the linear 
case. At the other end of the scale are problems which exhibit large 
strains and highly non-linear elasto-plastic material behaviour. The 
formula·L:ion here is often tedious and sometimes ambiguous, mostly because 
of the complexity of t.he non-linear continuum mechanics which must be 
used to describe tJ1e problem. Because of its relevance to the finite-· 
element analysis of wool yarns a formulation with large strains and 
highly non-linear elastic material behaviour will be discussed. 
3.3.l Non-linear Continuum Mechanics 
Large strains occurring during the deformation require the use of 
non-linear continuum mechanics to describe the problem. '11his can be done 
in two different ways (50): 
of the 
trast 
the material or Lagrangian description, or 
the spatial or Eulerian description. 
In the Lag:ci:i~19ian description the problem is 
o:l'.'_iginal configuratio11: of the object before 
to the Eulerian description where everything 
formulated in terms 
deformation in con-
is referred to the 
deformed state. The latter is popular in fluid mechanics while in solid 
---~~.-" --
mechanics the Lagrangian formulation has been used extensively. In 
recent years a modified description has been used in some finite-elernent 
analyses where the solution was obtained by the incremental loading tech-
nique (Section 3.3.5). Essentially the Lagrangian formulation is used 
where the reference state is not the original state before any loading 
has occurred but the state calculated in the increment before. This 
method is usually called the updated Lagrangian description in contrast 
to the classical total Lag·rangian description. Each method has its 
advantages and disadvantages, but whatever type of description is used 
extreme care must be taken to use parameters which refer to the appropri-
ate configuration otherwise the go_"~-l'.'~1ing equations will be invalid. 
All these formulations have been used for large-strain finite-element 
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-···~ 
analyses /51~55)\. Owing to the scarcity of literature providing an 
objectivk review of the advantages and disadvantages of the various for·-
mulations in relation to finite-element analyses, it is difficult to 
decide which method to use. In the author's opinion the total Lagrangian 
formulation is the clearest and the proven choice, hence it will be used 
here. Moore (56) has pointed out the limitations of the total Lagrangian 
formulation with respect to the transformation of rotational degrees of 
freedom for large displacements. However, the elements used here do not 
have these rotational degrees of freedom so this difficulty does not 
arise. 
3.3.2 Governing Equation 
As in the linear problem the principle of virtual work can be used 
as the governing equation (Equation 3 .10) . However, it must be put into 
a form suitable for non-linear continuum mechanics. The expression for 
the La.grangian formulation {5~0) is: 
owext = Iv o{Ef .{s}.dv0 (3.28) 
0 
where oWext = work done by external loads due to o ii; 
o{E}T == virtual increment in the non-linear Lagr2cng.i.an) strain due 
to Ou; 
{s} = LC!,_grangian stress; and 
f d V0 = integration over the ~~i_g:!nal configuration. 
Vo 
The assembly of the system nodal force vectors from the element 
nodal force vectors is the same as in the linear case but the formulation 
of the element nodal force vectors is different. 
3.3.3 Strains and Stresses 
The finite strain- and stress vectors in the Lagrangian formula·-
tion are known under a variety of names (Green-Lagrange strains, 2nd 
Piola-Kirchhoff_ stresses, etc.) but here they will be called Lagrangian. 
strains and stresses. 
ric 
The c:~_!ll~~te n~_l:i,ne~x:_i:.ci9_r9.~gian 
c:ase i\(57)) 
ERR 
:= u + O,S(ii 2 + ii 2 ) 
R, R R, R z, R 
Eee = u1/R + 0, 5 ( iiR/R) 2 
E· ii + O,S(iiR,Z 2 + ii 2 ) -zz z, z z, z 
EZR = UR Z + u + ii .u + u 
F Z, R R, R R, Z 
strain vector in _tl1e a:x:isymmet·-
. ( 3. 29) 
Z, R 
.u z, z ( continued 
E = E = 0 R0 ez 
': 
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The displacement field within an element is defined by Equation 
(3.8): 
u = { UR } == [ < N > < 0 > ] 
u <o><N> z . 
• (3.30) 
In the Lagrangian formulation the shape functions, Ni contain the 
original co-ordinates of the nodes and of the arbitrary point of which 
the displacement is required. Differentiating Equations (3.30) with 
respect to the appropriate co--ordinates and substituting into Equations 
----------------,-·----· --· ----
(3.29) yields the strains as functions of {u}: 
{E} = {E ({u})} • ( 3. 31) 
However, Equation (3.31) is a non-linear function of {u} owing 
to the quadratic terms in Equations (3.29). 
As with linear elastic material the stresses in certain non~ 
linear elastic materials can be expressed as Equation (3.17): 
{s} = [v({E})].{E} • (3.32) 
However, in the non-li~_a_r case [D] is a functic.,n of {E} (or 
{s}) as indicated in the above equation. Also, with large strains the 
matrix [v] must be defined so that it links the Lagrangian strain with 
the Lagrangian stress. 
The Lagrangian stresses are not the actual mea_~ur~d_st.1:-~~-~e,s, 
which are the Eulerian or Cauchy stresses {T}, but pseudo-stresses 
related to {T} by((s;~ (in tensor notation): 
where 
and 












ox' ox' ox' V 
J= e m n p = mnp------
X1 Xz X3 Vo 
are the deformation gradients. 
• (3.33) 
In some cases it can be difficult to write {s} in the form of 
Equation (3.32) and it is more convenient to define {S} as: 
{s}={s<{E})} 
or { S } = { S ( { u } ) } 
Sometimes it is only possible to define {s} by: 
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where [ D] T is the tan gen ti.al elasticity matrix 
v =-~ us./'oE .• 
Tij i J 
It is mandatory to use an incremental loading technique in this 
case. 
3.3.4 Stiffness Matrix 
Substituting the expressions for {E} and {s} into Equation (3.14) 
yields the element nodal force vector {f} as a non-linear function of {u} 
{f} = { f ( { u} ) } . (3.34) 
This can then be assembled into the system equilibrium equations: 
{p} == {F ({u})} 
where {F} is a non-linear function of {u}, 
Where possible {f} will be written as: 
{f} = [k ({u}) J .{u} 
. ( 3. 35 ) 
. (3.36) 
The stiffness matrix [k] as shown above is the secant stiffness 
matrix [k5] in non-linear problems, in contrast to the tangent stiffness 
matrix [k ] which is defined by: 
T 
. (3.37) 
with krp = 'of./'ou-. 
-ij i J 
Note that in the linear case [1c] = [k8] = [kT] . 
In many non-linear cases it is possible that the secant stiffness 
matrix is non-unique, though fortunately most of the popular solution 
methods (Section 3.3.5) do not require a secant stiffness but use the 
tangent stiffness instead and this can be defined uniquely. 
3.3.5 Methods of Solution of Non-linear Equations 
There are a large number of methods available (58) J,for solving 
the non-linear equilibrium Equations (3.27). To illustrate some of these 
methods a one degree of freedom structure will be used for which the 
equilibrium equation is: 
F(U) -P=O 
where F( lJ) is a non-linear function of u. 
In Figure 3. G the function is given in graph form where P is the 
load for which a solution U is desired. 
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In all the methods discussed below the solution of a non-linear 
equation involves the solution of a serles of linear equations in u 
which, in the case of a single unknown, are solved by inversion: 
A.U=B 
In some methods the parameter A is held constant for a number of 
cycles and only B changes. This has the advantage that A only has to be 
inverted once while it is kept constant. 
In the case of more than one unknown, where the inner equations 
to be solved are written in matrix form, [A].{u} = {B}, solution 
techniques such as Gauss elimination or Crout {Choleski) reduction {59) 
are preferred above inversion because of greater computational efficiency. 
Here also the same advantage holds when [A] is kept constant for a nmuber 
of cycles because the reduction of [,-1], which is the most laborious part 
of the solution, only needs to be performed once for that particular 
number of cycles. 
The simplest group of methods is that of the iterative methods 
which use the secant stiffness. KS: 
F(U) = KS ( U),U 
Two of these methods are the functional iteration and the chord 
method which are shown in Figures 3,6a and 3.6b respectively. Functional 
iteration is of the form: 
9, -· l 
ui = ( Ks (u ))-1 • P . {3.38) 
where u1 is the value of u calculated in the 9,-th iteration. The main 
advantage of this method is its simplicity but it con.v~rg~s slowly 
(first order) if it converges at all. Also KS needs to be recalculated 
and inverted (or reduced) at each iteration. The chord method does not 
have this disadvantage: 
where 
ui = R9,--.~ ( Ks (Vo ))-1 
R9, = P - F(U9,) + R9,-l 
{ 3. 39 )_ 
R9, . 1.s an 1 out of balance' term which is added to the structure. · 
The disadvantages are an even slower convergence and in some cases the 
recalculation of F(U9') can be almost as tedious as iny§.:r:~ting KS. These 
two methods can be combined by updating K8 :only when the convergence has 
slowed down significantly. 
Newton·-Raphson iteration methods which use the tangent stiffness 






Fig. 3.6a. Functional iteration 
p 
Fig. 3.6b. Chord method 
u 












Fig. 3.6e. Incremental method 
p 
lJ 
Fig. 3. 6f. Self-correcting incremental method . 
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The pure Newton-Raphson method (see Fig. 3,6c) is defined by: 
(3.40) 
where 
The convergence is faster (second order) than the simple iteration 
methods but KT must be recalculated and inverted at each iteration. This 
disadvantage can be limited by only updating K when the convergence rate 
T 
drops below a predetermined level: 
. (3.41) 
This is the modified Newton-Raphson method (see Fig. 3.6d) which, how-
ever, ,converges more slowly than the original method and is more diffi-
cult to programme. 
The above-mentioned methods all attempt to solve the problem in 
one load step which can be impossible in certain cases, such as path-
dependent problems, or undesirable when intermediate solutions are 
required. The methods which solve the problem for a sequence of load 
steps are called incremental methods. T'ne formulation of these methods 
can be found by using a Taylor series expansion. 
It is assurned that a solution Uk - 1 is known for 
that a solution rJ = (r.f + 6r.f) is desired at load Pk= 
F (Uk - 1) = pk - 1 
I• 
F (rf - 1 + t,.r}) = J!c - 1 + f:,_pk 
k-1 load P and 
( Pk - 1 + !:,.pk) • 
(3.42) 
( 3. 43) 
Using the first-order Taylor series expansion on the left-hand 
side of Equation (3.42) yields: 
F(Uk - 1) + F' 0f- l) .6Uk = !Jpk + pk -1 . 
Rearranging, and using Equations (3.42) and 3.43): 
-- --- - - - I 
\!<_=_Uf - 1)::1:,.r} = !Jpk . (3.44) 
This is the formulation for the ordinary incremental method which 
is illustrated in Figure 3.6e. It can be seen that there is a tendency 
to accumulate errors as it goes through the increments. This is because 
total equilibrium (Equation 3.42) is not satisfied exactly, which can 
only be the case for a linear F(u). To correct the deviations of Equa-
k-1 k-1 . 
tion ( 3.44) , the out-of-balance force, P - F(U ), 1.s added to the 
A k incremental load vector, uP : 
• (3. 45) 
'I'his is the so-called self-correcting incremental method (see Fi.g. 
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3.6f) which gives much better rer::;nlts. ' 
To find a more accurate solution at each increment iteration. can 
J 
be applied to Equation (3.45), with or without updating the tangent 
stiffness, K : 
T 
( k, 0) " k, fl " k k - 1 ( k, fl -1) KT u . L.JU = L.lP + p - F rr 
KT ( l, fl - 1) • 6uk, fl = 6Pk + Pk - 1 _ F (~'fl~ 1) 
where k = .increment number; 
fl = i t.eration number; and 
rf, 9v = Uk, 9v - 1 + 6rl-' 9v 
. (3.46) 
• (3.47) 
These methods are called incremental methods with (modified) New-
ton-Raphson iteration. 
There are many other methods described in the literature (58), 
most of them being variations of the basic techniques discussed here. 
Because of the specific demands of each problem regarding conver-
gence, stability, computational efficiency, etc., a g-eneral approach 
suitable for all classes of problems cannot be prescribed. 
47 
CHAPTER LI~ 
CONTINUOUS-FILAMENT YARN ANALYSIS 
4 .1 INTRODUCTION 
As discussed earlier the analysis developed by Carnaby (3, 4) was 
superior to previous attempts with respect to the results obtained for 
staple-fibrE,Lyarns, especially when tested at short gauge lengths. How-
________....-----------
ever, a major drawback of the analysis is the excessive computational 
effort required to obtain results of sufficient detail and accuracy. 
'l'his .is not as much caused by the model as by the formulation of the 
governing equation, the principle of m:i.nimum potential energy. 
In Carnaby's analysis the total potential energy is expressed in 
terms of a set of generalised displacement parameters, y.. The expression 
·--"L---
obtained is then minimised directly for y,. An alternative approach, 
]_ 
which will be used in the analysis described here, is to rew:cite the qov-
erning equation with the aid of variational techniques so that the un-
known parameters, y., can be directly solved from a set of simultaneous ______ ]. - - -
equations. T'nis method is the well-known principle of vir-J11a1 ,·mrk which 
can be written as: 
where o U is the variation of the energy, u, <lue · to the virtual· displace-
ments, oy .. 
]_ 
The two methods give the same answers but in general the latter 
method is more efficient wi tl1 respect to_~_omp_µtsJ.tional effort. In the 
second part of this chapter a significantly modified version of Carnaby's 
analysis, utilising the principle of virtual work, is presented. A con-
siderable saving in computational effort is achieved which encourages 
further use of the model. Also the ad hoc discretisation technique used 
by Carnaby is modified to comply as much as possible with the rigorous 
requirements of the extensively developed finite-element method. The 
implementation of these rules ensures a correct solution to the problem 
within the limitations of the modelling assumptions. 
In the third part of the chapter an alternative finite-element 
approach is presented, also based on Carnaby' s yarn model. This approach 
utilises classical stress analysis to define the equilibrium equations of 
the model ·and· has some affinity with the earlier yarn analyses by Hear le --~~--
(23, 24). To distinguish between the two approaches they will be named 
energy analysis and stress analysis respectively (60). 
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The stress analysis is developed because it is more convenient to 
use in the migration model, presented in the next chapter, which incor·-
porates friction and slippage. However, it is in effect an ad hoc method 
and does not comply completely with the rigorous rules of the finite-
element theory as set for the energy-analysis approach. This is apparent 
in the difficulty of defining appropriate equilibriwn equations of which 
a number of possible forms are investigated. Here the value of the ener-
gy analysis can be appreciated because it can be used as a yardstick in 
the evaluation of the various alternative forms of the stress-analysis 
approach. 
Because the yarn model developed by Carnaby is used as a basis 
for both the finite-element analyses a detailed discussion of its appro-
priate aspects will be presented first. 
4.2 CARNABY'S MODEL AND ANALYSIS 
4.2.l Model 
Carnaby's ideal helical yarn model is best described in a cylin-
drical co-ordinate system, R, 0, z, anct it is illustrated in Figure 4.1. 
The Z-axis coincides with the axis of the yarn model, the fixed end 
(bottom) being at Z = 0 and the other end (top) at Z = L. All the fibres 
are assumed to be idP-ntical, all being continuous and uniform along their 
lengths. The following assumptions are used for the geometry of the 
undeformed yarn: 
(a) each fibre follows a path describ~ed by 
R = constant; 
0 = 00 + Z.2TT.T1[ 1 ; and 
0 = 00 at Z = 0. 
(TT is defined on page 6) 
R and 00 differ from fibre to fibre. 
(b) TT is equal for all fibres. 
(c) the values for 00 are such that the distribution of the fibres 
over the cross-section of the yarn model (Z = constant) is axi-
symmetric. 
(d) the distances of the fibres from the yarn axis are such that a 
given yarn cross-section density is satisfied. 
When the model is subjected to an axisymmetrical load, P, in tJ1e 
Z-direction, which ensures an even elongation over tJ1e cross-section, L 
becomes L' and the deformed configuration is described by: 
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Fig. 4.1. Ideal helical yarn model 
(f) the ends of the model are fixed in the 8-d:Lrection so that 
0 1 = e • 
0 () 
(g) the deformed path of a fibre originally described by 
R = constm1t; e = 00 + 2TI.TT-l .z 
becomes 
R' = constant; 0 I = 
where Z' = Z.L' .L-l 
e• 
0 
e, = 00 + 2TI. TT·-1 • z 
+ 27r. TT-l • Z' 
From this it follows that 8 1 = 8 . 
(h) the radii of the helical paths of the fibres change so that 
if R > R then R' > .R' 
A B A B 





From this it follows that if N is the number of fibres traversing 
a cross-section between RA and RB then ,the number of fibres 
between R'A and R'B is also N. 
If the deformed length of the yarn, L' , is given there is only 
one independent variable left to describe the geometry of the deformed 
fibre - this is the continuous function: 
RI = RI (R, L, LI ) 
4.2.2 Radial Contraction of Yarn 
In the previous yarn analyses the r~dia_~_c:__o_l'l_traction of the yarn 
was directly linked to the yarn_elonq_ation. The link was a yarn 
Poisson's ratio which was taken as being independent of both the yarn 
elongation and the radial position within the yarn. As has been dis-
cussed earlier on page 16, this is an unrealistic assumption for a wool 
yarn and will lead to erroneous results. 
In Carnaby's yarn analysis the relationship between the radial 
movement of the fibres and the yarn elongation is established via the 
resistance of the fibres in the yarn to close packing. In the ideal hel-
ical yarn model where the fibres are all perfectly aligned there is only 
resistance to close packing when the yarn has contracted so much that the 
fibres are jammed against one another. The compy:~ssive bE:ll~y~<Jur of the 
ideal helical yarn model is therefore only governed by the compressibil-
ity of the fibre material. However, in a real yarn the fibres are only 
roughly aligned and this will cause considerable resistance to yari:i_ CC:>~-· 
traction long before the fibres are completely jammed against one a.nother. 
The resistance is mainly due to the enerqy necessary to bend the fibres 
into configurations such that they can accommodate the paths of neigh-
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bouring fibres. 
In Figure 4.2 the difference in compressive behaviour between 
perfectly aligned and roughly aligned fibre assemblies is shown. The 
two parameters which are related in the graphs are p, the pressure 
exerted lateral to the fibres, and the inverse of V. , which is the spec-
sp 
ific volume of the fibre assembly defined by: 
V = V /Mf sp 
where V - total volume of the assembly, and 
Mf == fibre mass in the assembly. 
Eventually under very high lateral pressures the compressive 
behaviour of the roughly aligned assembly will also be governed by the 
compressibility of the fibre material and there will be no significant 
difference between the configurat:l.ons of the two assemblies. However, 
in the analysis of the yarn model this extreme situation is never reached 
and it is a reasonable assumption that the resistance of the fibres in a 
yarn to ~lose packing is solely due. to fibre bending. C./ 
In the case where fibre bending governs the compressJ.ve behaviour 
of the yarn the relationship between p and V can be expressed by a van 
sp 
Wyk-type equation (Section 2.4.1): 
p = K( V - 3 - V . -3) 
sp sp0 
(4 .1) 
where V is the specific volume when the external pressure is zero. 
spa 
The lateral pressure, p, is assumed as in previous analyses to be 
equal in all directions normal to the fibre axis. 
The simultaneous use of Equation (4.1) and the ideal helical yc1rn 
model is contradictory as perfectly aligned fibres do not possess com-
pressive properties which can be described by a van Wyk-type relationship. 
However, if the fibres in the ideal helical yarn model were allowed to 
deviate a very small amount from their ideal paths the number of inter--
fibre contacts would increase enormously and because the deviations would 
be very small the idealised geometry could still be used in the analysis. 
'ro illustrate this a simple example is described. In Figure 4. 3 
a fibre is shown (by a full line) as it will occur in the idealised geom-
etry (for convenience it is drawn 'straightened out'). Superimposed on 
the ideal line are cyclic deviations with a:n amplitude, A, equal to five 
fibre diameters and the length of one complete wave, L
1
,,, is __:l:S) mm. If 
the fibre diameter is taken as 0,035 mm (e.g., Romney· wool) the length of 
the fibre path with the deviations is only 0,06% greater than the ideal 
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Fig. 4. 2 La 1.:eral corn_pressibili ty of a fibre assembly 




path, which is of course negligible, and the angle of the deviations with 
respect to the ideal line is 2°. If all the fibres in the idealised hel-
ical yarn model deviate in the same manner it is clear that there will be 
a large number of inter-fibre contacts. For these deviations to be main-
tained after extension of the yarn it is necessary that the fibres be en-
tangled otherwise the deviations would be immediately straightened out if 
the fibre became tensioned. In the case of entanglement the deviations 
would have to be in different plcmes but this does not affect the extra 
length involved. The situation in a real yarn is of course much more 
complex but the above e}:ample does indicate that the ideal helical yarn 
model can still be used. 
4.2.3 Strain Energy 
To determine the unknown function, R', the strain ene_rgy content 
of the model is expressed as a function of R' : 
u = u (R, I,, R' IL') 
According to the principle of minimum potential energy the func-
tion, R', which gives the minimum value for u is the correct radial con-
figuration for the equilibrium state of the deformed yarn model with 
le_ngth L'. 
To minimise the potential energy, U, with respect to R' (R,L,L') it 
is necessary to describe R' in terms of a finite number of parameters. 
'rhe values of Yi (yi = R 'i .Ri -l) at n points, Ri, are chosen as the un-
known parameters with respect to which u must be minimised. An important 
requirement is that the parameters, y., are chosen so that they are kine-
i 
rnatically indeterminate. The points, R., which may be selected arbitrar-
.1 
ily, are chosen to be evenly spaced with R1 = 0 and Rn = R yarn surface· 
The regions in the model between the cylindrical surfaces with radii, R. 
J_ 
and R. + are called zones_. 
J_ 1 .-----------
Each zone contains a certain numb.er of fibres 
to simulate the actual distribution throughout a real yarn. The strain 
energy of the whole model _i~_ simply the sum of the energies in each zone. 
In the energy calculations the following types of fibre deformation 
are t~cen into account: 
( a) axial elongation due to elongation of the fibre path; 
(b) torsion due to changes in the helical curvature of the fibre path; 
( c) bending due to c:ll.ctn_ge_i:; _i_ri the helical curvature of the fibre path; 
-- ------
( d) bending due to close packing::=:> 
It is assumed that the first three types of deformation can be 
determined from the configuration of an ideal helical fibre path, neglect-
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ing the influence of the unknown local deviations. The fourth term is, 
however, solely dependent on tl1e local deviations and can therefore not 
be directly quantified. 
'Ille tensile energy, UT' which is due to the axial elongation of 
the fibres, can be fow1d with tl1e aid of an experimentally determined 
fibre stress-strain curve. To simplify the calculations a piecewise 
linear approximation is used. The fibre elongation is assumed to be 
constant throughout a zone and is taken as the average of the elonga-
tions of two hypothetical fibres, one on the inner periphery and one on 
the outer periphery of a zone. 
The determination of the shear energy, U 8 ,. due to the torsion of 
the fibres, is simple and straightforward and the zonal contributions are 
calculated in the same fashion as for the tensile energy. 
The determination of the bending energy, U , is quite complicated 
. B 
as the contributions due to the two separate bending terms cannot be 
added linearly. 'l'his is caused by the presence in the bending-energy 
equation of a term in which the total change in curvature is squared. 
The change of curvature due to the close packing effects is not known 
explicitly. However, the energy spent on close packing of fibres can bc1 
determined with the aid of the van Wyk equation (Equation 4.1) and by 
working backwards an average change in curvature due to close packing 
can be calculated. This is added vectorially to the helical change in 
curvature and the subsequent calculation of UB is straightforward. 
4.2.4 Energy Minimisation and Solution 
All the energy contributions are determined as functions of y, 
i 
and the total energy of tlle yarn is found by adding the zona.l contribu-
tions together: 
U = U(y,,R,L,L') 
J_ 
U is minimised with respect to y. with the aid of numerical minimisation 
J_ 
techniques (61). Because of the non-linear form of the energy terms the 
validity of a solution obtained must be checked by solving from alterna-
tive starting points to avoid local minima. The configuration and inter-
nal stresses at a given value of L 1 can now be easily obtained by back-
substituting yi in the appropriate equations. The load, P, necessary to 
sustain the configuration obtained is found with the aid of the E_l:inci-
ple of virtual work as described by Treloar and Riding (2). 
It must be noted that in subsequent analyses using the above 
theory it was found that the contributions due to fibre torsion and 
c---~-----
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fibre bending caused by the change in ~~lj..cal cur10_-t::t:1:i:_~ _a.re _11_~2_l_ig_:L_l:)_:Lc,. 
In the following analysis developed by the author advantage is taken of 
these findings by neylecting the above terms. 
4. 3 FINITE-ELEMENT ENERGY ANALYSIS 
4.3.l Continuum approximation 
In the finite-element analysis presented here the yarn is assuine<l 
to consist of an equivalent continuous material. The stresses within 
this material form a continuous stress-field as opposed to the dj__s~Qntin-
-~-------------- ------
uous stress-fields present in a real yarn. Of the two important stresses 
in Carnaby's model the lateral pressure ca.n be directly adopted in these 
analyses because it is defined by the van Wyk equation as a continuous 
st:i::Qss. But the axial stresses in the fibres are of a discontinuous 
nature because they only exist in the fibres and not in the voids 
between them. To obtain a continuous stress-field the fibre st.1.:esses 
are averaged over the area arow1d the fibre. The stre_§_s, ~-- .acting in 
the direction of--the fibre axis at a certain point is defined by: 
( 4. 2) 
where dA = infinitesimal cross-section around the point, normal to 
the fibre axis, and 
r,F = sum of the axial forces in t.he fibres passing through dA. 
A 
4. 3.2 Finite·-elernent Model 
In the finite-element yarn model concentric cylindrical elements 
are used which are much the same as the zones used by Carnaby. The 
longitudinal cross-section of these elements is n~_C!_i:angular as can be 
seen in Figure 4.4. It is not necessary to employ more than one layer 
of elements in the z-direction as the model may be regarded as uniform 
in this direction. In Section 3.2 the same type of element is discussed 
with four ring-shaped nodes at the corners (see Fig. 3 • 3) t each node 
having two degrees of freedom. When the deformation .pattern of the model 
is considered it will be clear tha.t the radial displacements of the nodes 
1 and 4 are identical and this also applies to nodes 2 and 3. The same 
is true of the axial displacements of the nodes 3 and 4 and the n,odes 1 
and 2. 'I'his is usually dealt with by 'slaving' these degrees of freedom. 
A simpler alternative is to use an element in which the axial displace-
ments of the top and bottom annular surfaces and the radial displacements 
of the inner and outer cylindrical surfaces are the degn~es of freedom 
of the element. In effect these surfaces are the nodes which are number-
























As node 1 of a certain element must be identical to node 2 of the 
inner-lying element the axial displacements of the nodes 3 and 4 of both 
elements must also be identical. Extending this to all elements it fol-
lows that the axial displacements of nodes 3 and 4 of all elem2r1ts must 
be identical. This is compatible with the deformation of the model but 
these degrees of freedom must be slaved together as will be discussed 
later. 
The element nodal displacement vector, {u}, is defined as: 
(4. 3) 
As each node has only one displacement component the Rand z indices can 
conveniently be omitted. The co-ordinates of the nodes are designated 
by R1 , R2 , z3 and z4 in the undeformed configuration and R1 ' , R2' , z3 • 
Z
4
' in the deformed configuration, where 
R ' == l. 
Within each element the displacements are defined by a linear 
displacement field, {u}: 
where 
point, 
{u} (4. 4) 
Nl (-R 
-1 = + R2 ) .dR 
N2 (R 
-1 
== - R1 ) • dR the shape functions 
N3 (-Z 
-1 == + z4 ) • dz 
N4 - (Z ) -1 z 3 • dZ 
dR = R2 - Rl the 'width' of the element 
dZ == Z4 - Z3 the 'height' of the element. 
The co-ordinates in the deformed configuration of an arbitrary 
R, Z, can now be 
R' = R + UR = 
Z' = z + uz = 
written as: 
GJ,__, v\l 
R + ( (R - Rl ) • u2 
z + ((z-z).u v 3 4 ) I '-'\ l.\, I 
\ 
-t rJ1 






) • dR-·l 
(z - z4 ) .u3 ) • 1
dz-1 
,, fJ,, ( I·(- 'l ,-·-( 
) - ) { '! 
(4.Si 
Each element contains a certain number of fibres, Nf, to simulate 
the actual distribution throughout a real yarn. This distribution is 
found by using the cross-sectional method (Appendix A) . The fibres are 
assumed to maintain their relative positions within each element through-
out the deformation process. For convenience the fibres are also assumed 
to be evenly o.istributed over the element cross-section in any configura-
tion. These two assumptions are contradictory to one another but the 
difference in packing density dne to the element deformation is so smalJ. 
---~--~------ -
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that it can be neglected. 
With the aid of Figure 4.6 some element parameters can be defined 
which will be needed further on in the analysis: 
dR' = R' - R1 I (4. 6a) 2 . 
width of deformed element 
dZ' = ztt I - z3 I (4.6b) . 
height of deformed element 
A' = TT.((R2')2 - (R ' ) 2 ) . (4.6c) l 
area of element cross-section 
Cl ' = arctan (2TIR'. dZ. (dZ'. TT) -l) . (4.6d) 
helix angle 
FL' = ( (2TIR' .dZ. TT-l )2 + (dZ')2)°'S . (4. 6e) 
length of fibre in element 
V = dZ' .A'. (Nf"FL.r/ .TT.pf)-1 . (4.6£) sp 
specific volume 
where Nf = number of fibres in element; 
r· = fibre radius; and f 
pf = specific weight of fibre. 
. . 
These are the definitions of the parameters in the deformed con-
figuration; their values in the w1deformed state are found by simply 
deleting the dashes. The first three parameters are overall element 
parameters which are independent of position within an element. The 
last three parameters are dependent on the rad1al position, R', in the 
deformed configuration. Using Equation (4.5) they can be expressed as 
functions of radial position in the undeformed configuration, R, which 
is important in the Lagrangian formulation of non-linear continuum 
mechanics. 
4.3.3 Virtual Work 
To establish the element nodal force vectors, {/}, the principle 
of virtual work (50) is used, from which the following relationship is 
obtained (Equations 3.14 and 3.28): 
where 




o{E} . {s}. av 
a{u} O 
{E} = Lagrangian strain vector; 
{s} - Lagrangian stress vector; and 
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The element nodal force vectors are then assembled into the system 
nodal force vector, {F'}, which is used in the syst<;,m equilibrimn equa-
tions: 
{p} = {F} 
where {p} = system nodal load vector. 
To solve the equilibrium equations for the nodal displacements 
the right-hand side of the above equation must first be expressed as a 
function of the nodal displacements. 
4.3.4 Strain-displacement Relationship 
The complete non-linear Lagrangian strain vector, {E}, for the 
,._______......----------------·----------- - ,---
axisymmetric case is given in Equation (3.29): 
ERR + o, s. (uR, R 
2 + ii 2) = uR,R Z; R 
Eee = UR 
.R-l + (- -1 >2 0,5. uR.R 
Ezz + 0,5.(ii 
2 + ii 2) = u 
z, z R,Z z, z 
(4. 8) 
- -
EZR + = u u F, z Z,R + + u .u u .u R, R R, Z Z, R Z, Z 
ER0 
--'-
Eez = 0 
..,. 
Owing to the simple deformation, u and u are zero. This 
R, Z Z, R 
simplifies {E} to: 
El = iiR, R + 0,5.(uR,R2) 
- R-l - -1 2 E = + 0, 5. (UR .R ) 2 UR. (4.9) 
E = uz z + o ,s. (iiz, z>2 3 I 
E4 = Es = E6 = 0 
From the Equations (4.4) the individual terms in Equation (4.9) 




uR,R = - u1 ) .dR 
u z, z = (u4 - u 3 ) .az-1 . (4 .10) 
- R-1 UR. = ((R - Rl) • u2 - (R - R2 ) .u1). (R.dR)-1 
The term cl{E}T /cl{ u} in the element nodal force vector is a matrix 
of the form: 





clE2 /clu1 ••• 3E6 /clu1 
clE6 /clu2 
8E6 /3u3 
3E6 /3u4 _ 
• (4.11) 
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'l'he terms of this matrix can be found by subst.i tut.inq Equations 
{4.10) .into Equations (4.9) and differentiating with respect to the 
terms of {u} . 
4.3.5 Stress-displacement Relationship 
In expressing the stresses as functions of the nodal displace-
ments it is usual to do this indirectly by writing the stresses as func-
tions of the element strains: 
{s} == [v].{E} = [v].[B].{u} 
This is only done because it is usually more convenient than writing the 
stresses directly in terms of the displacements. In this particular 
case, however, it is relatively easy to express the stresses directly. 
As pointed out before, there are only two types of stresses 
present in this model; stresses acting in the direction of the fibres 
and stresses normal to the fibres. These stresses can be derived from 
relationships involving the element geometry. 
The stress acting in the direction of the fibre axis (TA) at a 
certain point is defined by (Equation 4.2): 
where 
TA = EF • dA -l 
A a ( 4. 12) 
= an infinitesimal area around the point normal to the fibre 
axis, and 
EFA = sum of the axial forces in the fibres passing through dA. 
The axial force in a fibre with centre at R is derived from the 
fibre elongation at that radius, Ef(R), which is given by (see Fig. 4.6): 
Ef(R) = (FL' (R') - FL 1 (R)}.('FL(R))-1 (4.13) 
Using a piece-wise linear approximation to the non-linear force-
elongation curve (see Appendix C) the axial fibre force is: 
FA = a .Ef + b . ( 4. 14) 
With the assumption that the fibres are always evenly distributed 
over the cross-section, T can be expresed as: 
A 
TA= (a.Ef + b) .Nf. (A' .cos a')-1 (4 .15) 
From Equations (4.13), (4.6), and (4.15) TA can be completely ex-
panded in terms of the nodal displacements. 
The lateral stresses, TL, are determined with the aid of a van 
Wyk relationship (cf. Equation 4.1): 
K. ( ( V ' ) - 3 - ( V ) - 3 ) 
Sp Sp 
. ( 4. 16) 
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Using Equations (4.6) TL can also be completely expanded in terms 
of the nodal displacements. 
To accommodate TA and TL conveniently a~!j~l)!'.'~ co-ordinate system 
.i.s used, namely R , 8 , Z • The subscript, a, is used because rotating a a a 
the yarn co-ordinate system by an amount a, or a' in the deformed config-
uration, around the R-axis will yield the fibre co-ordinate system. The 
Z -axis will· coincide with the fibre axis, the R -axis will coincide with a a 
the yarn R-axi1:,,"and the 8-axis will be normal to the fibre axis and tan-
gential to the cylinder on which the fibre lies. The stresses, TRRa, 
Teea and Tzza' will be equal to TL, TL and TA respectively. All other 
stresi;;es in the fibre co-ordinate system will be zero. 
The stresses, {T}a' are in fact EulE:J::iail~_i:;J:;r_e§_S~s.J because they 
are the actual stresses measured in, and with respect to, the deformed 
configuration. For the virtual-work equation (Equation 4.7) the Lagran-
gian stress in the yarn-co-ordinate system, {s}, is required. To convert 
{T} into {s} two transformations are necessary. The first one- is to 
a 
transform {T} into {T} I which is the Eulerian stress in the yarn co-
CJ, 
ordinate system. This is done with the aid of a transformation matrix, 
[m]a, {44) , which in this case is defined as: 
1 0 0 0 0 0 
0 ci2 s2 0 -2cs 0 
[m]a 0 
s2 c2 0 2cs 0 where C = cos CJ, 
= 
0 0 0 0 0 -s s = sin a 
0 cs -cs 0 2 2 c-s 0 
0 0 0 s 0 C 
The Eulerian stress, {T}, is now found by: 
{T} = [TM (a)] 0 .{T}a . 
This yields: 
TRR = Tl = TRHl 
Tee = T2 = T 2 1 eea·cos a + T sin2a' zza: 
Tzz = T3 = T • 2 I eea • Sl.n Cl, + T ZZct .cos
2a• (4.17) 
Tez = Ts = (Teea - T ) I • I zza. • cos a . sin a. 
TRe = T = 0 and TZR = T6 = o. 4 
The Eulerian stresses, { T}, ,.are then transformed into the Lagrang-
ian stresses, {s}. Using tensor notation the transformation is as fol-
lows {Equation 3. 33): 
where 
3x. 
S .. = J. _:!:._.T 
3x, 
_]_ 
J.J ax• nm ax• 
m n 
(summation convention) 
X 1 = R 
x ' = R' x • = 0 1 1 2 
3X' ./3X. and 3x J3X', 
J. J .l J 
J is the jacobian of 
[




x3 = Z 
X3 ' = Z' 
are the deformation gradients 
the deformation gradients: 
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. (4 .18) 
In the simple deformation in this analysis there are only three 
non-zero deformation gradients of the type, 3x ,/3X', 
' 
which are: 
ax 3R R2 - Rl dR 1 
= --= = 
ax• dR 1 R' - R' dR' 1 2 1 
3x2 38 R 
= = 
dX I 
2 38' R' 
3X
3 
3z z - z dZ 
lt 3 
= --- = --
ax' dZ 1 zL+ I - z I dZ' 3 3 
Using the relationship (62): 
ax 1 • 3x. 




the deformation gradients of the type 3x 1./3x. can be derived and J can 
J. J 
now be written as: 
J = ( dR' • R' • dz ' ) • ( dR. R. ciz) - 1 • 
Changing from tensor notation to vector notation the end result is: 
SI 
2 · -2 
SRR = = T1 .J.dR .(dR') 
see s2 
2 -2 = = T2 .J.R .(R') 
s s3 T J dZ
2 (dZ')-2 
. (4 .19) 
·- = zz 3. • • 
s = ss = Ts .J .R .dz. (R' .dz') -i . ez 
SR8 = SZR = o. 
The Lagrangian stress in the yarn co-ordinate system, {s}, is a 
function of the Eulerian stress, {T} , in the·fibre co-ordinate system, 
a 
the helix angle, and the deformation gradients. As all of these can be 
expressed as functions of {u}, {s} can also be expressed as a function 
of the nodal displacements: { S} = { S ( { u }) } •. 
Owing to the various complicated functions of {u} which are 
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implied in {s}, it will also be a complicated non-linear function of {u}. 
4.3.6 Evaluation of Nodal Forces 
T 
Substituting the expressions found for 8{E} /8{u} and {s} as func-
tions of {u} in Equation (4.7), the element nodal force vectors are 
derived. These are then assembled into the global nodal force vector, 
{F}, which is used in the global equilibrium equation: 
{p}={F({U})} . (4.20) 
which will also be a non-linear~fu_n~t_ion of the nodal displacements. As 
yet the deformation process is not path-dependent but the whole load-
displacement curve (or at least points at frequent intervals) of the 
yarn is required so an incremental method with iteration will be used to 
solve the equilibrium equations. 
In Section 3.3.5 two incremental methods with iteration are dis-
cussed, of which the one with Newton-Raphson iterat:~01:_1_ i_s choser1 (Equa-
tion 3.47) because it is more accurate and easier to progranune. 
(4. 21) 
The alternative method with modified Newton-Raphson iteration is 
computationally more efficient but owing to the small scale of the pres-
ent analysis this is of minor importance. 
The individual components of the global tangent stiffness matrix, 






----= F . . • (4. 22) 
au. 1., J 
J 
When { F ( { u})} is a non-linear function of { u} then [KT] will be at 
least a linear function of {u}. The terms F. . are assembled from the 
1., J 
appropriate element contributions f • .• 
1., J 
The i-th term in an element 
nodal face vector is defined by Equation (4.7): 
j 8{E}T fl.. = V, · --·{S}·dV dU, 0 
0 J. 
• (4.23) 
Differentiating this with respect to u. yields: 
J 
j [ 8{E}T f . . = ---.{S} + 1., J 8u .. 8u. 
Vo J. J 
8{E}T_a{s}). dv 
dU, dll, O 
]. J 
• (4.24) 
The individual terms are found by differentiating the expressions 
for {E} and {s} with respect to the appropriate nodal displacements. The 
65 
integrations over the volume of each element necessary to obtain f. and 
J. 
f. . are carried out numerically using a Legendre-Gauss quadrature (59) . 
J., J ----~- --
4. 3. 7 Assembly and Solution 
A system nodal numbering must be introduced for the assembly of 
the elements. As the dis]?lacements of the top and bottom nodes of each 
element are identical they are slaved together which implies that they 
are regarded as a single node in the system. The system nodal numbering 
and the element numbering are shown in Figure 4.7. The cylindrical nodes 
are numbered ]:-l>NOD and the top and bottom nodes are designated by T and 
B respectively. The underlined numbers are the element numbers. The 
relationship between the element numbers and the system nodal numbers is 
in this case simple, the inner and outer nodes of element -i_ are the nodes 
i and i + 1 respectively, while the node i is adjoined by element j_ - 1 on 
the inside and element i on the outside. This implies that node 2 of 
element i - l and node l of element i are identical to node i. 
The system nodal displacement vector, {u}, is defined by: 
The relationship between the system nodal displacements and the 
element nodal displacements is also simple and is defined by: 
u. ::: ( Uz) . ::: ( u 1) . 
J. J. - 1 J. 
UB ::: (u 3) 1 ::: (u3)2 ::: (u3)NEL 
UT ::: ( u4) 1 = (u4 \ ::: (u4) NEL 
The system nodal force vector, {F}, which is defined by: 
{ F} T = < Fl , Fz , • • • • F IDD , F B, FT > 
(4.25) 
is found by the element nodal forces acting on node 2 of i - l and on node 
1 of i (see Section 3.2.6): 
. (4. 26 )_ 
The system nodal forces acting on the bottom and top nodes are 
found by adding the element nodal forces acting on the element nodes 3 










Each of the terms of an element nodal force vector, {.f} . is solely 
J. 
dependent on the element nodal displacements of that particular element: 
1------r----..--T--.----~~------r-----,--T T----~ 
NOD NOD-1 NOD-2 NOD-3 7 6 5 4 3 2 1 





























, U'+ > , ) } , 
:!: :!::!: . ::£ :1.: 
Using the relationships in Equation (4.25) the above expression 
can be written as: 
Substituting the above expression into Equations (4. 26) and (4. 27) 
yields: 
F. = F. ( u. I u. I u. + I UB I UT ) 
1. 1. 1.-1 .1 J. l 
FB - FB ( {:u}) 
FT -- FT ( {u} ) 
Because of this result the tangent stiffness matrix, [x;J, the 
individual terms of which are defined by (Equation 4.22): 
KT = <1F./<1U. ·- F. • , 
ij J.. J i, J 
will be a tridiagonal matrix with two extra'rows at the bottom and two 
extra columns on the right-hand side: 
F F 0 0 0 F F 
1, 1 1, 2 1, B 1, T 
F2 1 F2 2 F2 3 0 0 F F2,T 
' ' 
, 2, B 
0 F3 2 F3 3 F3 '+ . 0 F3 B F3 T , f , , , 







F . FB, NOD FB,B FB, T B, '+ 
F F F F . F F F 
T, 1 T, 2 T, 3 T, '+ T,NOD T,B T, T 
Substituting this result into the basic Newton-Raphson equation 
(Equatiori 4.21) yields: 
F F F I F F f:.,u pl Fl 
1, 1 1, 2 1, KOD 1, B 1, T 1 
F2, 1 F 2, 2 F2, NOD I F2, B F2, T f:.,u2 p2 F2 
I 
I = 
0 0 FNOD, NODIFNOD,B FNOD, T f:.,uNO PNJD FNOD ------------r------
FB, l FB, 2 ' FB, NOD FB, B FB, T 6uB PB F B 
FT, 2 FT,2 FT,NOD I FT,B FT,T /:,,UT PT FT 
. (4. 28) 
where {b,u} is the incremental displa.cement vector and {p} is the accum-
ulated incremental :Load vector, both arranged in the same fashion as -------{ u} and {F}. 
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By partitioning Equation (4.28) along the broken lines shown it 
can be written as: 
[ K ] c. { L'iu }c 
'I.' • ·-
{ P }c - { F }c - { R }c (4.29a) 
NOD 
E FB ,.6U, = PB - FB - RB (4.29b) 
i =1 , 1. 1. 
NOD 
2~ F . • L'iu. - PT - FT - RT (4.29c) 
i =I T, 1. 1. 
where R, = F. B .L'iuB + F, .L'iu 
1. 1., 1., T T 
and { } CT -R - < R1 , ~ , • • • • Rl\1QD > 
I. JC The contracted matrix, _KT , is the upper left-hand part of 
[K~ as shown in Equation (4. 28) and the contracted vectors, {6u}0 , 
{p} 0 and {F}0 , are the upper parts of the appropriate vectors in the 
same equation. 
As the bottom of the yarn model is fixed in the axial direction 
6UB will always be zero. In this analysis 6UT will be given as the 
increment in the yarn model elongation and the yarn model axial load 
which is equivalent to PT is an unknown. Because of this the set of 
Equations (4.29a) can be solved independently for U1 _ NOD and PT can 
be evaluated with the aid of Equation (4.29c). 
4.3.8 Evaluation of the Analysis 
Data on a real yarn, taken from Carnaby (4), were used to evalu-
ate the analysis presented here. This was a semi-worsted carpet yarn 
spun from a blend of New Zealand Romney wools. Because the model and 
the associated data used here are the same as those used by Carnaby it 
is possible to compare the results of both analyses, which is important 
as there is no other way of checking this analysis. 
The data are as follows: 
fibre radius rf 
specific weight of fibre material pf 
fibre axial modulus 
one turn of twist (le.ngth) 
van Wyk's constant 
width of element (zone) 
number of elements 
number of fibres per element 






18, 5 X 10-3 mm 
1,31 mg.mm-3 
see Figure 4.8 
5,42 mm 
3,44 7 -3 mm .N.mg 
83, 3 X 10-3 mm 
25 
5 I 15 I 27 f 39 r 42 r 40 r 26 f 9 I 
5,. 3, 2,.2, 2, 1, l, 1, 1, 1, 
1, 1, 1, 1, 1, 1, 1 
69 
height of element dz 25,4 mm 
specific volume of yarn V see below 
SPo 
increment of elongation L'iu✓dZ 1 %. 
One difference between the two analyses is that Carnaby used a 
constant (determined experimentally) value for V throughout the yarn. 
spa 
ThTs -implies that if the actual specific volume, V , in the undeformed 
sp 
yarn is smaller than V 
spo 
there will be a lateral pressure present in 
the original configuration. Because this disturbs the state of equili-
brium (the fibre axial forces are assumed to be zero) the model is first 
'relaxed' . which leads to axial compression of the fibres in the inner 
elements and elongation in the outer elements. Also the yarn will 
shorten by a small amount. 
In the present analysis V is set to the actual value of V , 
spa sp 
which can be calculated from the dimensions of the original configura-
tion. The values of V obtained by this method vary from element to 
spa 
element and are of course different from the experimentally determined 
value. However, V only plays a significant role in the van Wyk 
spa 
equation at very low levels of lateral compression so the differences 
should be very small for most of the yarn stress-strain curve. 
This is confirmed by comparing the results of both analyses; even 
at low levels of yarn-model strain the differences are insignificant. 
The results are shown in Figure 4.8. A major advantage of the finite-
element analysis is the minimal amount of computational effort required 
in comparison with Carnaby's analysis, a conservative estimate being of 
the order of 20 to 1. It is therefore now possible to study the influ-
ence of certain parameters on the behaviour of the model without the 
severe computational penalties associated with Carnaby 's energy-minimis-· 
ation analysis. 
4.3.9 Convergence and Accuracy 
'lwo important aspects of the accuracy of a finite-element analysis 
are the number. of integration points (if numerical integration is used) 
and the refinement of the element mesh. 
The programme was run with a varying number of integration points 
per element to find the optimum. It was found that for this particular 
purpose the use of two integration points in the R-direction is suffic-
iently accurate, the difference between the results for two and five 
points being less than 0,2 %. The errors in using a single integration 
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A interpolated fibre stress-strain curve 
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C Carnaby's analysis 
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ishing with increasing elongation. As the computing ?osts are effect-
ively proportional to the number of integration points the use of a sin-
gle point could be tolerated in some cases. 
The size of the original mesh was dictated by the fibre density 
function as found experimentally by Carnaby. When a finer or coarser 
..----------------
mesh is used the number of fibres per element must be adapted to the 
new size of the elements. The easiest way to refine the mesh is to 
halve the element width and to redistribute the fibres of the original 
element over the two new elements which fit into its place, according 
to cross-sectional area. The difference in results is minimal, being 
less than 0, 3 % at the most, and the computing costs are about trebled. 
A coarser mesh was not used, but several runs were made without a 
certain number of the sparsely occupied outer elements. This revealed 
that by using only the ten inner elements the results change by less 
than 0,2 %. This is not only due to the small number of fibres in the 
outer elements but also to the fact that even at very high yarn elonga-
tions of say 30 % these fibres do not develop any tension. It must be 
noted that their weight cannot be neglected in the determination of the 
linear density of the yarn as this makes a difference of about 7 % in 
the specific yarn stress (mN/tex). 
4.4 FINITE-ELEMENT STRESS ANALYSIS 
4.4.1 Introduction 
In the case of i11_!.e_r_-:-fibre friction the principle of virtual work 
can still be used but only if the amount of slip caused by a virtual 
nodal displacement can be predicted. When this is not feasible, as is 
the case with the migration model in Chapter 5, a different method of 
analysis has to be applied to the yarn model. 
However, stress analysis (which has been used previously by Hearle 
and other workers) does not have the limitations \;,'~th respect to fric-
tional forces that apply to the energy methods. This method was aban-· 
doned in the early sixties because at the time it seemed difficult to 
extend it to more refined yarn models. However, with the aid of 'modern 
high-speed computers a discretisised model such as a finite-element 
model using a form of stress anal¥sis is shown to be feasible. In order 
to investigate the possibilities of such an approach the finite-element 
model discussed before in this chapter is adapted to stress analysis. 
'----- --
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4.4.2 Relationship between Axial and Lateral Stresses 
The key equation in the stress analysis of a twisted yarn is the 
relationship between the axial tension in the fibre direction (T} and 
A 
the lateral pressure normal to the fibres (TL): 
dTL sin 2a. (TL - TA) 
+ -------- = 0 
R 
. ( 4. 30) 
This equation has been described by Hearle and Treloar (63) and 
Cheng et al. (64) • Its derivation from the Cauchy equations of motion 
is presented in Appendix G. Assuming that TA and a are constant, the 
above differential equation can be solved for TL (see Appendix G): 
( sin2a sin2a TL = T. 1 - (R2 /R1 ) ) + TL (R 2 /,R 1 ) 
l A. 2 
. (4.31) 
where TL is the lateral pressure at R • l , 
l 
is '1.' the lateral pressure at R 2 ; and Lz 
R2 > R . 1 
(For small values of a an alternative solution can be obtained which 
takes the variation of a with R into account and can also be used for 
The assumption that T. and a are constant will restrict its valid-
A-- -
ity to a small range of R, i.e., one element. Although a constant TA and 
a within an element was not assumed in the energy analysis the use of one 
integration point per element in the R-direction has the same effect and 
has been shown to be reasonably accurate. 
4.4.3 Governing Equation 
An obvious choice for the equilibrium equations is to match the 
lateral pressure ( T ) in each element, as found above, to the lateral 
L 
pressure found by a van Wyk-type relationship (Equation 4.1): 
F=T -T =O 
Lv(olume) LT(ension) 
• (4. 32} 
where T is the pressure normal to the fibres caused by tensioned helic-
LT ally wound fibres, and 
T is the pressure normal to the fibres found by a van Wyk-type 
Lv relationship. 
If Equation (4.32) is evaluated for each element and expressed in 
terms of the unknown nodal displacement vector, {u}, this can be solved 
from these equations as the number of elements is equal to the number of 
unknown displacements. 
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To establish the equilibrium equations it is necessary to define 
one value of T , T and T (as a function of {U}) for each element, 
LV LT A 
whether they are a.ssumed to be constant or to vary over the element. A 
convenient value for TA is determined by using Equation (4.15): 
• (4. 33) 
and taking the mean of the values at the nodes J: and ~ of the element. 
and 





-1 = dZ.A.M f 
= dZ'.A'.Mf-l 
where Mf is the element fibre mass, 
into the van Wyk relationship, Equation (4.1): 
-3 
T = -K. ( V 
Lv Sp 
- V -3) 
spo 
As shown before, both TA and TLv can be written as functions of 
the displacements of the adjacent nodes of the element. Using the ele-
ment and node numbering of Figure 4.9: 
=TA.(u.,u.+) j ]. ]_ 1 
=TL .. (u.,u.) v. ]_ 1-+1 
J 
( 4. 34) 
There are several possible forms which the equilibrium equations 
can take, depending on the way the value of TL for an element is defined. 
T 
This is illustrated with the aid of Figure 4.9. Using Equation (4.31), 
TL in element j is defined as a function of R as: 
T -
• 2 
' rR /R J sin aj 
TL .l:li+l i 
J 
( 4. 35) 
The differences in the equilibrium equations are caused by the 
different interpretations of the lateral pressure acting on the outer 
periphery of the element (TL') and the value of TLT which is to be 
equated with TL • 
vj 
(i) 
Five combinations have been evaluated and are discussed below. 
T I L . 
J 
This gives the recursive equation: 
[ [ ] 
2 ] 
R. + sin a. 
'l'L (R.) =T, 1- ~ J + 
T· i A. R 
[R j . 2 . + sin a. J_ 1 J 
TL (R.+ ), --
T, i 1 R 
J J i . J+l i 
Assuming that TL is equal to the mean value of TL at the 
T· T 
d . t 1 t' 'lJb ' t' b a Jacen noaes ·ne equi l rJ.um equa ·.ion ecomes :. 
F. == TI - 0,5. [TI (R. I-) + TL (R.)] . (4.36) 
J 'Vj .,'l'j + 1 J. • 1 T j 1. 
NEL NEL-1 ------ T' Lj 1 
NOD NOD-1 NOD- 2 i+l i 

















This implies that 
F . == F, ( u . ''"'D) ] ] J. - l"'-' 
(ii) Setting TL'. == TL in Equation (4. 35) and assuming that 
J v. 
J 
TL = TL (R. ) leads to the equilibrium equation: 
T, T· 1.+1 
J J+l 
F. = TL - TA . • [1 - [Ri+2lsin2ctj+1] -
J VJ. J+l R 
i +1 
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. (4. 37) 
from which it follows that 
(iii) Setting TL'. = TL in Equation (4. 35) and assuming that 
J Vj+ 
-
TL = TL (R, ) leads to 
Tj Tj + 1 J. + 1 
- TA .[l -
j+l [





where F . = F . ( u. , u. , u. , u. ) 
] J J. 1.+1 1.+2 J.+3 
(iv) 
that 
Setting TL'. = 0,5. (TL + TL in Equation (4.35) and assuming 
J Vj Vj+l 
T = T (R. ) leads to 
LTj LTj+l J. +1 
[
R . l s i.n2 O', • 1 
+ ) 
J. +2 J + 
TL • --
V, R 
J+l i +l 
. (4.39) 
where F. = F. ( u. , u. + , u. +2 , u. + 3) ] ]J. J.lJ. J. 
(v) This is slightly different as TL is calculated in two stages. 
T' 
Defining the value of Rat the centre of
1
element j as - , 
R. = 0,5.(R. + R.), TL is assumed to be 
J 1. + 1 J. Tj 
. 2 , 2 
TL = TA_[l - (Ri+1'Rj)srn c;,jJ + TL'J,(Ri+1'Rj)sin O',j, 
Tj J 
and T ' is assumed to be 
Lj 
T ' L . 
J 
This yields: 





F. = T 
J Lv. 





A. - A,+ 1 J J R. J R,+ 
J .l 1 
[
- J . 2 [ l . 2R. sin a. R. sin a. J+l J+l .1+1 J 
TL -- • --
Vj+l R, R. 
]. +1 J 
( ] . 2 
l





where F:=F.(u.,u. ,u. ,u.) 
J J 1. 1.+1 1.+2 1.·t-3 
4.4.4 Solution and Determination of Yarn Force 
As in the energy analysis the equilibrium equations are expanded 
into functions of the nodal displacement vector, {u}. The equations 
obtained will be non-linear and they are solved by the incremental method 
with Newton-Raphson iteration (Equation 3.47): 
{F({u})}={o} 
[KT({u}k,Q,- 1 )].{Lw{,Q, = -{F ({ul'Q,- 1)} 
where k is the increment number, and 
Q, is the iteration number. 
The tangent stiffness matrix, [KT], is defined by Equation (4.22): 
K = clF./clU. 
T. . 1. J 
1.J 
The incremental procedure is the same as discussed in Section 
4.3.6. In contrast to the energy analysis the axial yarn force, P, is 
not included in the equilibrium equations because these are only con-
cerned with radial equilibrium. At the end of each increment Pis ob-
tained separately by an equilibrium check in the direction of the yarn 
axis over the top surface of the yarn. 
At any point on the top surface there is a co-ordinate system in 
which there are only principle stresses. 'rhis is the fibre co-ordinate 
system (Ra, 0a, Za) which is obtained by rotating the yarn co-ordinate 
system by an amount a (the helix angle) around the R-axis (see page 55) . 
The stresses along the Ra, 8a and za axes are equal to TL, TL and TA 
respectively. The components of these stresses acting on the top surface 
in the direction of the yarn axis are 







-sin2 a. T 
L 
-cos2 a. T 
A 
where 'I'L and TA are positive for tension and negative for compression. 
Assuming that the helix angle a is constant throughout an element 




P = E (TL_.sin2 CJ,J. + TA .cos2 a.).A. 
j=l J j ] ] 
(4. 41) 
where A is the area of the element cross-section. 
4.4.5 Evaluation 
The stress-analysis approach presented here is not based on the 
rigorous rules of the finite-element theory as used for the energy anal-
ysis. These rules ensure a monotonic convergence to the correct answer, 
within the lirni tations of the modelling assumptions, with mesh refinement. 
Also the equilibrium equations are uniquely defined . 
. This does not imply that deviations from the correct procedures 
automatically lead to unacceptable results. It is perfectly possible 
that the answers obtained, which are theoretically incorrect, are for all 
practical purposes identical to the correct answers. However, this can 
only be found out by comparing the results of the various theories dis-
cussed in the previous section with the answers from the energy analysis, 
Each of the five different approaches was evaluated using Carna-
'--------- . 
by's yarn model. The data used in the analyses are shown in Section 
4.3.8. For the calculations only the ~--welve inner elements were used. 
To check convergence an element mesh twice as fine as the original mesh 
was also used, in this case only the 24 inner elements being used. 
The results are presented in Table 4.1 in the form of the relative 
error ( 9.;) between the specific yarn stress as calculated by the stress-
analysis theories and the specific yarn stress as found by the energy 
analysis, where there was no significant difference between the finer 
and the coarser mesh. At the foot of the table the average number of 
Newton-·Raphson iterations per increment is shown. Also shown is the 
approximate average error over the whole elongation range obtained by 
usi_ng the root mean square method. 
It can cl.early be seen in the table that theory (v) is superior 
and that theories (iii) and (iv) must be rejected, not only because of 
the RMS error but mainly because of the unacceptable deviations in the 
lower elongation range. Because of the large number of increments 
required in the migration analysis due to the path-dependence of friction, 
computational efficiency also plays a role in the evaluation. In this 
case theory (ii) is vastly superior because of the small number of New-
ton-Raphson iterations per increment compared with theories (i) and (iv). 
The effort per iteration to the equations is dependent on the number and 
the place of the non-zero elements of the tangent stiffness matrix, [KT] . 
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This again is in favour of theory (ii) because the associated [K -j has a 
'l'· 
tri-diagonal structure plus an adjacent lower diagonal and theory (i) 
has a full lower triangle plus an adjacent upper diagonal (lower Hessen-
burg form). Because of the marginal accuracy of the approach (i) this 
means that it also can be rejected. The efficiency of theory (ii) is 
such that with 24 elements it still only uses one-third of the computing 
time necessary for theory {v) with 12 elements. 
11le ultimate choice between theories (ii) and (v) possibly depends 
on other factors which may become apparent in analyses using the migra-
tion model. 
Table 4.1 RELATIVE ERROR OF ALTERNATIVE GOVERNING EQUATIONS, % 
Yarn Yarn Theory (i) Theory (ii) ✓ T'neory (iii) 
"'\ 
Theory (iv) Theory (v) 
elong- .specific 
ation stress* number of elements 
% 
12 24 12 24 12 24 12 24 12 24 
1 2,37 -8,3 -5,4 8,9 3,2 30 29 ,5 19,0 17,6 0,7 -0,5 
2 8,00 -9,7 -6,4 8,7 2,9 25,9 24,9 17,4 14,7 -0,4 -1,4 
3 15,56 -9,3 -6,1 7,8 2,3 21,5 20,3 14, 7 12,0 -0,6 -1,7 
4 24,58 -8,2 -5,9 6,9 1,7 18,3 16,7 12,7 9,7 -1,2 -2,3 
6 41,49 -8,0 -5,5 5,3 1,1 13,7 12, 3 9,5 7,2 -1,9 -2,2 
8 55,59 -6,4 -4,5 4,7 1,0 11,1 8,8 7,9 5,5 -1,6 -1, 8 
10 66,97 -5,0 -3,5 4,0 0,8 8,2 6,7 6,1 4,0 -1,4 -1,5 
12 75,69 -2,6 -2,8 3,7 0,8 5,7 4,6 4,7 3,1 0 -1,l 
14 81,82 -2,4 -1,7 3,0 0,9 4,8 3,2 4,1 2,1 -0,5 -0,6 
16 86,39 -0,7 -1,7 1,8 0, 7· 2,5 2,0 2,1 1,4 0 -0,4 
18 89 ,45 -1,9 -2,1 1,3 0,4 1,9 1,3 1,6 1,0 0 -0,2 
20 91,78 -3,1 -1,9 1,2 0,3 1,5 1,0 1,4 0,7 0,2 -0,l 
RMS ( ✓1:error2 /n ) 6,2 4,3 5,4 1,64 15,3 14,4 10,3 8,5 0,95 .i, 3 
~o. of_Newton-~phson 23 35 5,4 6,1 5,5 6,2 5,5 6,3 24 - 32 -..J iterations per increment I..O 
* virtual-work model 
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CHAPTER 5 
STAPLE-FIBRE YARN ANALYSIS 
5.1 INTRODUCTION 
As has been discussed in Chapter 4, the influence of fibre rnigra~· 
tion on the axial behaviour of a short-gauge staple-fibre yarn can con-
veniently be neglected, permitting the application of the ideal helical 
model. For lon~]'.' __ gauge lengths, however, it is crucial to take account 
of the fib;:::e migration without which a staple fibre longer than the 
longest fibre would be very weak. In this case the ideal helical yarn 
structure is inadequate as from the definition it cannot model the 
effects of fibre migration on the behaviour of the yarn. It must be 
noted, however, that in some cases where fibre slippage is minimal, as 
in high-twist staple-fibre yarns, the results obtained with the ideal 
helical yarn model will be comparable with those obtained with an equiv-
alent migration model (Treloar, _l9) • When slippage is not negligible 
the use of a model which incorporates migration is essential. Such 
models have been developed by Treloar (19) and Hearle (6), in which the 
fibre migration pattern is idealised to make an analysis possible. Tre-
loar' s theory, which is discussed in Section 2. 3 .1, is, however, con·-
cerned with continuous-filament yarns and therefore the analysi,J does 
not take account of the effects of the fibre discontinuities which occur 
in staple-fibre yarns. Hearl.e's theory (Section 2.3.2) does include 
these effects and it is in fact the only one to date which incorporates 
all the basic features desirable in a model of a staple-fibre yarn. The 
development of the analysis, however, is based on Hearl.e's ideal helical 
yarn analysis (23, 24) which is limited by the use of some very restrict-
ive assumptions especially with respect to the lateral contraction of 
the yarn. These limitations have been overcome in recent developments 
so the lateral contraction of a yarn can now be modelled more rea1istic-
ally. 
In this chapter an attempt is made to combine in one model and 
analysis the desirable aspects of Hearl.e's migration model and of the 
recent continuous-filament yarn analyses. The resulting staple-fibre 
yarn analysis is in comparison with Hearle's analysis much more sophist-
icated, except for one particular assumption which is concerned with the 
path of the migrating fibres. Hearle assumed that the f:i.bre ends are 
randomly distributed over the cross-section of the yarn but here it is 
assumed that they are all at the same radial position. With some fur-
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ther development of the analysis this seemingly restrictive assumption 
can probably be discarded but it is maintained here to keep the descrip-
tion of the analysis as simple as possible. The consequences of the use 
of this assumption are discussed in Section 6.6.2. 
The complexity of the analysis is proportional to the assumed 
complexity of the migration path of the fibres. 'I'herefore tl1e detailed 
discussion of the analysis is based on a simple, probably unrealistic, 
shape of the migration envelope. An analysis based on a more realistic, 
but more complex, migration envelope is discussed in less detail at tl1e 
end of the chapter. 
The description of the analyses is preceded by a discussion of 
the model and several important features to be used in the analyses. 
5.2 MIGRATION PATH 
Several very restrictive assumptions are made in representing the 
migration of the fibres, which is in reality enormously complex. These 
are: 
(a) each fibre in the yarn follows an identical path except for a 
shift in position alo.ng or around tl1e yarn axis; this implies that the 
fibres are of equal length and that the fibre ends are all at the same 
radial position; 
(b) the starting points of the individual fibre paths are evenly dis-
tributed along the Z-axis; and 
(c) the twist is constant throughout the yarn. 
Given the elementary shape of the migration path and the distrib-
ution of the fibres over the cr:oss-section, an analytical expression can 
be devised for the path of the migrating fibre (see Appendix B). The 
function describing the migration path is of the form: z == z ( R) . In 
Figure 5.1 a W-shaped migration envelope (which is the projection of 
the fibre path onto the R-Z plane) is shown with the fibre ends at the· 
yarn surface. The tangent of the migration envelope ( clR/clZ) is depend-
ent on the cro~-:-sect.ional fibre density_c3.t radius R, the straight lines 
shown being a simplification. The distance along the Z-axis between two 
consecutive fibres (1 and 2) is dF, which is defined by 
dF == LZ/Nf (5 .1) 
where Lz == distance along the Z-axis between the ends of a single 
. fibre, and 
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If fibre 1 starts at Z = 0 then fibre .i starts at (.i - 1) • dF. 
Each fibre path is now uniquely defined except for its phase, which is 
defined by the 0-co-ordinate of its starting point. This is not quanti--
fied explicitly but is assumed to take such a value that the distribu-
tion of fibres over the yarn cross-section is approximately axisymmetric. 
If there are a reasonably large number of fibres in the yarn cross-
section the above assumptions will imply that the yarn can be considered 
to be uniform in the 0- and Z directions. This in turn implies that the 
behaviour of the fibres during deformation of the yarn will be identical. 
This is a very important conclusion as otherwise the analysis would not 
be feasible. 
It is possible that the mathematical form of the fibre paths will 
lead to a situation in which the fibres will occupy the sarne space at 
certain points in the yarn, especially near the yarn axis. This diffi-
culty was also observed by Treloar (19) who alleviated it by assuming 
that the fibres do not reach the yarn axis {R = O) but turn their paths 
at a certain finite value of R, small in comparison with the radius of 
the yarn. 
As in the previous analyses the deformation pattern of the yarn, 
which is considered to consist of a continuous matter, is quite simple 
and is defined by: 
if RA = RB ~ R' A 
= R' B 
ZA = ZB ~ Z' = Z' A B 
RA > RB ~ R' > R' A B 
ZA > ZB ~ Z' > Z' A B 
then 
The last line simply implies that the displacement field in the z-direc-
tion is linear, i.e., the axial elongation is uniform throughout the 
yarn. However, the fibres do not necessarily follow the yarn deforma-
tion as is the case in a continuous-filament yarn, due to the slippage 
of the fibres. 
For the explanation of what happens to .the fibres during the 
deformation of the yarn it is considered that they run along cavities in 
the continuous yarn matter. The cavities can be compared to imaginary 
tubes which surround the fibres. 1~e presence of the9e cavities has no 
influence whatsoever on the deformation of the yarn matter. After 
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deformation of the yarn the tubes will deform with the yarn according to 
the above rules but the fibres will be free, apart from the effect of 
frictional forces, to slide in their tubes. The tube constrains the 
movement of the fibre in two dimensions, the movement in the remaining 
dimension being governed by the frictional forces.which are exerted by 
the walls of the tube on the fibre. In reality these forces are caused 
by contacts with neighbouring fibres. If the frictional forces are so 
large that the fibre is firmly gripped by its tube the fibre will be 
subjected to the same extension as the tube, i.e., the yarn. If not, 
the fibre will slip with respect to its tube. 
5 .3 YARN AND FIBRE BEHAVIOUR 
5.3.l Radial Contraction of the Yarn 
If the fibres follow the ideal migration paths exactly, the same 
problem will arise with respect to the radial compressibility of the 
yarn model as is discussed in Section 4.2.2 in connection with the ideal 
helical yarn model. The model with the ideal mi_gration paths will also 
immediately collapse into a configuration where the fibres are jammed 
tightly against one another when an axial force is applied to the yarn 
model. In even the most ideal real yarn such a sudden collapse will not 
occur because of the la_rge number of crossover contacts between the 
fibres which will cause a considerable resistance to radial contraction 
of; the yarn long before the jammed configuration is reached. As dis-
cussed in Section 4.2.2 this situation can also be achieved in tl1e ideal 
helical yarn model, or in this case the ideal migration model, if the 
fibres are allowed to deviate slightly from their ideal configuration. 
It is assumed that the slight deviations do not cause any significant 
changes in the le_ngth or the general orientation of the ideal fibre 
paths, which implies that the determination of the fibre axial forces 
and their contribution to the yarn strength can still be based on the 
ideal geometry. 
At any point within the migration model there will be two groups 
of fibres, distinguished by their general orientation, one migrating 
outwards (clR/clZ > O) and the other migrating inwards (clR/clZ < O). How-
ever, the migration angle is generally very small, a few degrees at the 
most, and because of the deviations there will be little distinct diff-
erence between the local orientation of the two groups so that the local 
situation in the model will resemble an untwisted sliver where the 
fibres are roughly aligned. 
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5.3.2 Inter-fibre Friction 
In the case of the ideal migration model the large number of 
fibre contacts caused by the deviations also allows a more realistic 
description of the frictional forces acting between the fibres. If the 
fibres were to follow the ideal geometry exactly there would be very 
few, if any, fibre contacts in the loosely packed, undeformed yarn con-
figuration, which implies that the fibres could not build up sufficient 
tension to 'lock' the helical structure and the model would simply slip 
apart when an axial force was applied. 
Because all the fibres behave approximately identically it is 
suffic,ient to discuss the behaviour of a typical fibre. 
A small segment, dA, of a typical fibre, A, is shown in Figure 
5.2. Contacts with other fibres are distributed along the length of 
the segment. When the yarn is elongated the imaginary tubes surrounding 
the fibres will also be elongated, the amount being dependent on the 
radial position. However, the fibres will resist the elongation and 
they will tend to slip with respect to their tubes. For example, dA 
wants to slip to the left (arrow in the Figure) and some of the con-
tacting fibres will also want to slip to the left, either more or less 
than dA, while the others want to slip to the right. Because the fibres 
are roughly aligned the slipping occurs in approximately opposed direc-
tions and the resulting frictional forces acting at the contact points 
will be roughly aligned with the fibres. 
If all the contacting fibre segments wanted to move to the right 
with respect to dA then the local situation in a yarn would resemble the 
withdrawal of a single fibre from an untwisted sliver. This is discussed 
in Section 2.4.2 where the following relationship (31) is given for the 
withdrawal force per unit length, WF: 
where 
h'F = _P_, ]J + WF
0 1-E WF 
p = external pressure exerted on the sliver; 
E = porosity of the sliver; 




= withdrawal force when the external pressure on the sliver 
is zero. 
The withdrawal force per unit length is identical to the sum of 
the frictional forces acting on a unit length of the withdrawn fibre. 
Because the wi·t:hdrawn fibre moves relatively more in the withdrawal dir-
ection than the contacting fibres the frictional forces all act in the 
points of contact with other fibres 
<E---- .._L_0'----'-®-~_Z __ e ___ ~_@_~ __· ==®=====e===e=::::_l'l _______ o_-_:1 
Fig. 5.2. Small segment of fibre, dA 
Fig. 5.3. A fibre in its tube 
oFA 










Fig. 5.4. Infinitesimal section of a fibre with axial and frictional 
forces 
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direction opposite to the withdrawal and therefore WF can be written as: 
(5. 3) 
where ne = the number of contacts per unit length, and 
Fe= the magnitude of the frictional force acting at a contact. 
However, in the migration yarn model not all of the frictional 
forces are opposing the movement of dA because some of the contacting 
fibres will move more to the left than dA, thereby aiding dA in its 
movement. This implies that the force per unit length kesisting the 
movement of dA, which is defined as FR, is equal to: 
where 
nopp 
FR = ~ F (5.4) 
n opp 
i = l e 
= the number of contacts per unit length where the frictional 
force opposes movement of dA, and 
= the number of contacts where the frictional force aids 
movement of dA. 
Because the frictional force only vanishes if a contacting fibre 
moves exactly the same amount and in the same direction as dA the number 
of 'neutral' contacts ·can be assumed to be negligible, which yields the 
following relationship: 
n + n 'd = n opp al e .. (5.5) 
If it is further assumed that the contact frictional forces are 
all of equal magnitude the standard value of Fe can be expressed as 
(Equation 5.3): 
Fe = WF/ne 






n ·- = WF.C 
aid n 
e 
c = ( 1 - 2. n . din ) . 
al e 
(5. 6) 
The term C is a correction factor which is used to detennine FR 
from WF. This is convenient as the force resisting a fibre segment in 
a yarn would be very difficult, if not impossible, to determine experi-
mentally. The parameters in the equation for WF, µWF and WF0 ., can be 
determined experimentally. 
To determine C it is necessary to know the ratio of naid to n 
which will be different for different types of migration paths. In 
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Appendix D approximate values for Care derived for the two types of 
migration paths used in the analyses presented here. 
Substituting the expression for WF (Equation 5.2) into Equation 
(5.6) yields: 
FR= [ _P_ •µ, + ·wFo) .c 1- E ,VF 
(5. 7) 
where p and E are now the local pressure in the yarn and the local poros-
ity respectively. Because p and E are radially dependent, F'R will be a 
function of the radial position and its value will constantly change 
along a migrating fibre. It must be noted that FR as derived above is 
the maximum possible frictional force acting on the fibre and it only 
occurs when the fibre segment slips or is about to slip. 
5.3.3 Fibre Axial Force 
The problem is to determine the axial force in the fibre, F, as 
A 
a function of s when given both the elongation of the fibre tube and the 
frictional force, FRV, as functions of s. To solve this problem an 
analogy with a simple model is made. If the fibre and its tube are 
depicted 'straightened out' L~e situation of.the fibre. in the yarn 
resembles the situation shown in Figure 5.3 (in which only one half is 
included because of symmetry). The fibre,and its tube are considered 
to be two slender rods fixed at one end and contacting one another over 
their whole lengths. Deformation is only possible in the axial direc-
tion so the problem is effectively one-dimensional. After deformation 
of the yarn the elongation of the tube, which deforms with the yarn, is 
expressed by the function, ut(s). This is the displacement of a point 
of the tube originally at s. Between the fibre and the tube there are 
frictional forces, FF, also dependent on s. The axial forces developed 
in the fibre due to FF do not in any way influence the elongation of the 
tube which can be considered to have an infinite stiffness. The elonga-
tion of the tube is assumed to be small, which implies that any slippage 
will also be small. The elongation of the fibre is expressed by the 
function, uf(s), which is defined in the same way as ut(s). In Figure 
5,4 an infinitesimally small section of the fibre of length ds and loca-
ted in the original configuration at sis shown. For equilibrium the 
frictional force exerted by the tube on the fibre, FF. ds, must be equal 
in magnitude and acting in the opposite direction to the resultant 
axial force in the fibre: 
dFA 
--·ds + FF.ds = 0 
dS. 
.. (5. 8) 
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Depending on the relationship between uf (s) and ut (s) certain 
conditions apply to the frictional force, FF. These are: 
(i) uf (s) < l\ (s). This implies that the fibre slips with respect 
to its tube to the right. In this case, FF= FR. 
(ii) uf (s) > ut (s) The fibre slips with respect to its tube to the 
left, in which case: FF= -FR. 
(iii) uf (s) = ut (s) • There is no slippage of the fibre with respect 
to its tube. In this case, FR > FF > -FR. 
In the above equations FR is the maximum possible frictional 
force per unit length as discussed in the previous section and which is 
always expressed as a positive value. A. further condition is that the 
fibre axial force, FA, is compatible with the fibre axial strain, Ef, 






If a piecewise linear approximation is used for the fibre stress-
strain curve (see Appendix C) FA is related to Ef by: 
. (5.10) 
Because the frictional forces, FR, in the yarn are also dependent 
on the unknown fibre axial force, FA, the final answer must be obtained 
by a series of single solutions. Also because the method assumes small 
elongations an incremental approach must be used as the deformations of 
the fibre and its tube can be quite considerable. The necessary applic-
ation of increments and iterations is technically no problem as they are 
already incorporated in the yarn analysis. 
However, the main problem is to produce a single solution which 
in general it is impossible to do analytically. A numerical solution- 1 
)/ 
method for problems involving friction has recently been published 1(65)' 
( / 
and this can be simply adapted to the above problem. Unfortunately the 
method also involves iterations and to obtain a single solution is in 
itself a major computational effort. This effort multiplied by the 
large number of iterations and increments involved in the yarn-analysis 
would probably push the total computational effort required to prohibit-
ive levels. Another problem associated with this method is that, because 
it is numerical, the required derivatives of FA with respect to the ele-
ment nodal displacements will have to be evaluated numerically. This 
would involve at least two separate solutions for F which will yet 
A 
again raise the computational effort required. 
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Under certain conditions an alternative solution method can be 
used which is simple and computationally efficient. It has been applied 
· previously by Hear le (6) in his staple-fibre yarn analysis. To obtain 
the solution two possible fibre axial forces are calculated, F AF and FAS. 
The first, FAF, is the fibre axial force which could be maintained by 
tl1e frictional forces and is defined by: 
SE 
F AF {s) = f FR(s) ds • (5.11) 
s 
where '\; = s at the fibre end. 
The second, FAS , is the fibre axial force which would be obtained by 
elongating the fibre by the same amount as its tube: 
FAS(s) = a.Et + b . (5 .12) 
where Et(s) is the elongation of the tube at s which is equal to 
elut {s) /els, and 
a and b are parameters of the approximated fibre stress-·strain 
function (see Appendix C). 
The actual fibre axial force, FA' at any points is now found by 
taking the minimum of F AF or FAS • 
(5.13) 
This solution is shown in graphical form in Figure 5.5 in which 
it can be seen that the implications of the above solution are that the 
fibre sticks to its tube between s = 0 and s. = s
1 
and slips between. 
s = s
1 
and s = sE with respect to its tube in the negative s-direction. 
In tl1e simple case illustrated the solution meets the conditions as set 




FR > > -FR 
els 
. (5 .14) 
where in this case 
If this condition is not met (see Fig. 5.6a) the solution can 
only be obtained numerically, which will also be the case if the situa-
tion is more complicated as shown in Figure 5.6b. 
In the development of the analysis in the following sections it 
is assumed that the simple solution method can be used, but the condit-


























































Fig. 5.6. -situations where the 'simple' solution of the friction problem 
cannot be applied 
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5. 4 ANALYSIS OF YARN WITH A SIMPLE FIBRE·-MIGRATION ENVELOPE (V-shape) 
5.4.1 Introduction 
The finite-element analysis of the model discussed in the previous 
section can not, for various reasons, be generalised to_acc_am1t for any 
type of rn~gra_:t~?l1_path. A separate though similar analysis must be 
developed for each alternative path. Because the analysis is quite com-
plicated one of the simplest possible migration paths is chosen for the 
initial detailed discussion. The path chosen has a symmetrical V-shapf!d 
migration envelope with the fibre ends at the yarn surface (see Fig. 
5. 7). This was preferred to ~n-Tnvert~cf\r::shape i.vith the fibre ends at 
the yarn axis because there is some evidence that the majority of the 
fibre ends in a semi-worsted yan1 are near the yarn surface (see Sec-
tion 2.2.2). 
In a later section the analysis of a W-shaped migration path is 
discussed; this is very similar to that of a V-shaped path although it 
is more complicated. 
As the migration path is symmetrical abou_t .its. middle (M) only 
only one half of the fibre needs to be considered. In the analysis 
discussed here it is assumed that the internal stresses are zero. This 
assumption is commented on in Chapter 6. 
5.4.2 Finite-element Model 
In order to solve the problem it is discretised by sub-dividing 
the yarn model into concentric cylindrical elements as in the previous 
analyses presented here. Usi_ng the virtual-work governing equation as 
described in Section 4.3.3 it would be necessary to define the virtual 
amount of slippage between the fibres due to a virtual displacement. 
This would be very complicated if it were possible at all so a governing 
equation of the type derived for the stress-analysis approach (Section 
4.4.3) is applied here. Although slipping energy must also be accounted 
foi' when using the stress-analysis approach it does not interfere with 
the governing equations, which remain unchanged. 
A difference between this and the previous analyses presented 
here is that during deformation there is a transport of fibre mat'erial 
from one element to another due to the slipping of the fibres in their 
tubes. This is accounted for by correcting the fibre length, and hence 
the fibre mass, in the elements after the configuration for an incre-
ment has been calculated. A further difference is in the calculation 
of the yarn force, which must include slipping energy. This is 
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Fig. 5.7. V-shaped migration path 
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Fig. 5.8. Element and system nodal numbering of finite-element model 
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achieved by using the virtual-work principle with numerically calculated 
derivatives of the slipping energy. 
As in the previous models the dimensions of the elements in the 
Z-direction, dZ, are identical. The value of dZ is immaterial but once 
a value has been chosen it must be used consistently throughout the 
analysis. A convenient sub-division in the radial direction is the one 
that is used to define the cross-sectional density of the yarn, though 
any other sub-division could be used. The finite-element model is shown 
in Figure 5. 8 with the element and system node numbers. As before t11e 
element and system node numbering are arranged so that element i. has 
nodes i and i +l on either side of it. All the equations are written 
with the appropriate parameters already expressed in terms of the 
global node numbering. 
5.4.3 Fibre Configuration 
Attention is focused on one fibre and its imaginary tube the 
behaviour of which is identical to that of all other fibres. Only one 
half of the fibre is used because of symmetry. It is assumed that in 
the original configuration there are no axial stresses in the fibres 
and no lateral stresses in the yarn as a whole. 
AV-shaped migration envelope is shown in Figure 5.9 with the 
radial sub-division of the model into elements. The lengG~ along the 
z-axis between the entry point and exit point of the migration path in a 
particular element, i, is defined as /JZ.. This can be calculated for each 
J.. 
element using the equation for the migrating-fibre path (see Appendix C). 
When the yarn is elongated an amount, E (relative elongation), 6z. 
y J.. 
becomes: 
!Jz•. = /Jz. (1 + E ) (5 .15) 
J.. :!:: y 
The same is valid for TT (the length of one turn of twist) and 
dZ, the length of the model: 
DL, 
J.. 
TT1 = T'l.1 (1 + Ey) 
dz• = dz ( 1 + EY) ... 
Other parameters to be used in the analysis are: 
(5 .16) 
(5.17) 
which is the length of the imaginary tube between the entry and 
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The derivation of Equation {5.18) is given in Appendix B. 
FL. which is the original (unstressed) length of fibre present in the 
,1 
tube in element i. This will change during yarn deformation owing 
to slippage. The derivation of FL'. will be discussed in Section 
1. 
5.4.5. In the undeformed yarn FL. is equal to DL .. 
J 1. 
FM. which is the fibre mass present in element i: 
J. 
FM'i = FL'J. (R/ .TI.1,31).2.dZ.dF-l (5 .19) 
where Rf -- fibre radius; 
1,31 = specific weight of the fibre material; 
2.dZ.dF-1 = number of fibre segments present in element i (same for 
each element); and 
dp is defined in Equation (5 .1). 
5.4.4 Stresses 
In the equilibrium equations discussed in Section 4.4.3 two 
stresses were used, one in the direction of the fibres (TA) and one nor-
mal to the fibres (T). This was for the ideal helical yarn model. In 
L 
the migration model the direction of the fibres is slightly different 
owing to the migration angle. This angle is, however, very small and as 
in Hearle's analysis it will be ignored in the calculations. 
The lateral pressure in an element as determined by its geometry 
is fow1d with the aid of the van Wyk relationship (Equation 2 .1): 
TLV, = K(V 




where V = (R'. 2 R 1 • 2 ) • 'IT. dZ 1 • (FM' . f .1 , Sp 1.+1 J. 1. 
As in the previous analyses, TLV can be written as a function of 
{u}. As discussed in Section 5.3.3, the actual tensile force in a fibre 
at a certain point along its path is the minimum of either the tensile 
force as dictated by the yarn strain or the tensile force as limited by 
friction. In this analysis the fibre axial force (FA) is assumed to be 
consta11t throughout an element. FA due to yarn strain is then simply: 
F ilS = a . E f + b • ( 5 . 21) 
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where Ef = (DL, - FL,) .FL.-l 
!c :'!: ;!; 
• (5.22) 
a and b, see Appendix C. 
According to Equations (5. 7 and 5 .11) the ten.§ile force in the 
fibre limited by friction is: 
where 
SE 
FAF = f { [ 1-: E) • µWF' + WF0} .CV dS . (5. 23) 
s 
p = pressure normal to the fibres; 
E = porosity 
= friction parameters for single fibre withdrawal; 
= correction factor for V-shaped migration path (see Appen-· 
dix D); and 
s = distance along the deformed fibre from its middle. 
For the pressure, p, in Equation (5.23) the van Wyk pressure (TLV) can 
be used here; it is assumed to be constant throughout an element. 
The porosity Eis defined as: 
E = 1 _ vfibre 
Vsliver 
• (5. 24) 
In this equation V 1 . can be replaced by the volume of the element, s iver 
which is related to vsp by: 
V = V .FM 
element sp 
where FM is defined in Equation (5 .19) • 
The volume of fibre within an element can be written as: 
Vf'b = FM /1, 31. 
1 re 
Equation (5.24) now becomes: 
E = 1 - 1/1,31.V 
sp 
. (5.25) 
Because V is assumed to be constant throughout an element, so 
sp 
also will be E. As no parameter under the integral sign in Equation 
(5.23) is dependent on s within an element, 
can be: written as: ·1 flJ,.)~ le <f w Ct , VJ 
NEL 
FAF at node i (see Fig. 5.10) 
I. ~1·· ,, \. 
F = Z:: DLk.(-TLTT .1,31.V .µWF' + WFO) .CV 
AFi k = j _ vk spfi 
. (5.26) 
A representative value for FAF within an element ( FAF is assumed 
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F t: DLk(-TL .l,31.V .]J +WF).C + 
AF. k . vk spk WF O V 
1. =1.+1 -
+ 0,5.DL. (-TIV. .1,31. V • JJ,.,p + WF0 ) .C !: Ji spi rv V 
. ( 5. 2 '/) 
'l'his in turn leads to the recursive relationship: 
FAF. = F + 0,5.(DL, (-TLV .l,31.V .JJ,,,F + WF0 ) .CV+ AF 1.+ 1 . sp. rv. 
1. i+l -- 1.+l J.+l 
+ DL. (-TLV .1, 31. V • )lWF + WFO) .cv) 
l i spi 
• (5.28) 
'!'he axial stress TA within an element is defined by (Equation 4.15): 
• (5.29) 
where FA is the minimum value of either F AF or FAS 0,ccording to the 
theory discussed in Section 5.3.3. 
5.4.5 Incremental Analysis 
'!'he governing equation discussed in Section 4.4.3, case (ii), is chosen 
here to formulate the equilibrium equations. 
The incremental method with Newton-Raphson iteration is used 
(Equation 3.47) to solve the equilibrium equations: 
where k = increment number, and 
t = iteration nurr~er. 
. (5.31) 
In this case the vector, {p}, only contains zeroes and can be deleted. 
'!'he tangent stiffness matrix is defined by Equation (3. 37) : 
K2.1 . . == 
1.J 
• (5.32) 
'!'he parameters involved in the formation of F and KT in Equation 
( 5 3 2) 11 d d t h . t' b ' { }k, t- l f th . . are a up ate a eac itera ion y using U or - eir 
evaluation. However, there are two basic parameters for which this is 
not feasible and these are only updated at each increment. These two 
are the original fibre length present in the element (FL) and the c;::lose- ) 
----~---- -
ly related element fibre mass (Ff.{). As these are constant throughout 
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each increment their derivatives with respect to {u} are considered to 
be zero. The effect on the ana1ysis of not updating FM and F'L at each 
iteration can be checked by running a few analyses with varying sizes of 
increment. 
The procedure at the k-th increment is as follows. A value for 
{u} is given at. the start of the increment, this being the last calcul-
ated value in the previous increment. This is designated as {u}k, 0 • 
Values are also given for {FL} and {FM} which have been calculated at the 
end of the previous increment and are designated by {FL}k-i and {FM}k·-l. 
In the k-th increment the yarn is given an incremental elongation of 
/::,.Ek. The total yarn elongation (relative) is given by: 
y 
k 
t: /::,.Em • (5.33) 
m=1 y 
From the above equation and Equations (5.15, 5.16 and 5.17) it 
follows that: 
Di'° 0 . (1 Ek) ( 5. 34) = DZ + y 
T'If = TTO • (1 + Ek) ( 5. 35) 
y 
!::,.'t'°. = t::,.z0 .• ( 1 + Ek) (5. 36) 
1. 1. y -
With the aid of the above-mentioned paramet~rs, other parameters 
can be calculated such as DLk, 0 , V k, 0 etc., from whic'h in turn the sp , 
T 
k, o k, o 
element stresses, A , TLV , and their derivatives, can be calcul-
ated. For the stress TA the minimum value of either FAF or FAS is used 
for each element and also the appropriate derivative is used. 
On substituting these values in {F({U}k,o)} and [KT({U}k,o )], 
Equation (5. 31) can now be solved for !::,.{u}k, 1 • {u}k' 1 is found by the 
equation: 
. (5.37) 
All the appropriate parameters are updated, {F({u}k' 1 )} and [KT({u}k' 1 )] 
are found, and !::,.{u}k'
2 
can be evaluated, etc. This process is stopped 
When A{u}k, 9., or {F}k, 9., h {FL} d {FM} t d t u approac es zero. an are correc e a 
the end of the increment. 
'j'o explain the change in FL. the imaginary tube which contains 
1. -
the fibre and the fibre itself are drawn as if they were straight lines 
in Figure 5. 11. 'l'his is 
before /::,.E k is applied. 
y 
the situation at the start of increment k just 
After 6E k has been applied p.nd the new equili-
y . 
brium configuration calculated the dimensions of the fibre and its tube 
~-1 ~-1 ./-1 ;:-1 . ;:-1 
1 2 3 / / NOD - l NOD 
~ Gl G GI II 0 
k-1 k-1 JI k-1· k-1 
DL 1 DL 2 DL NEL _ 1 DL NEL 
9 8 e // G di Gl 
k- 1 k-1 k-1 k- l / / k- l k-1 
FL 
1
• (l+FE- l) FL ~. (l+FE- ~) FL :NEL. (l+FE- :NEL) 
Fig. 5.11. Configuration of fibre and tube at the beginning of an increment 




J{-NOD X NOD-1 e 
JI o e k 1 (l+re" ) - k-1 · J;. 
FL 
1
• (l+F.i:; l) 
k-1 k 
FL ~. (l+FE ~) 7( FL NEL. NEL 










are as shown in Figure 5.12. 
'l'he vector {FE} contains the elongations of the fibres due to 
either F AF or FAS and is defined by: 
FE . = a• • FA . + b • 
1. l; 
. (5.38) 
where a' and b' are elastic constants (see Appendix C), and 
FA. is the minimum value of FAS. or F AF· • 
1. :!:. :!:. 
Two different co-ordinate systems are set up along the fibre and 
its tube, respectively X and Y. X, and Y. are defined by: 
1. 1. 
Xk 
i - 1 
{n,k-1 (1 Fif = z: + m)} i m=l m 
. (5.39) 
0. 
i - 1 
DLk = E . (5.40) 
1. m = 1 !!J 




is at the yarn axis and YNOD at the yarn surface. 
The co-ord:dtnates xi correspond to points on the fibre which were situ-
ated at the element boundaries at the beginning of the increment before 
6Ek was applied. When slip has occurred at node i during the increment 
y 
X. will be smaller than Y .• This assumes that the fibre always slips 
1. 1. 
towards the middle of its tube. The amount of slip at node i during the 
increment k is defined as: 
= 0. - ~-
1. 1. 
. (5.41) 
then used to correct FL., see Figure 5.13. 
le 
A simple method is 
If~- is equal to J!-. 
1. 1. 
(no slip), then: 
k k-1 k k k k -1 k-1 
FL i = FL- i + (Y--i+l - x-i+l). (x-i+2 - x-i+l) .FL- i+l (5.42) 
where left-hand side = length of unstressed fibre between 0. and 0.+; 
1. 1. 1 
Also: 
first term of the right-hand side= length of unstressed fibre 
between Xk. and 0. ; and 
1. 1. + 1 
second term of the right-hand side= length of unstressed fibre 
between 0. and 0 .. 
1.+1 1.+1 
pi} 
i +1 = (Jfi+2 1\+l).(0i+2 k -1 k-1 x-i + 1) • FL i + 1 + 
+ ( y7c. +· - Xk. ) . (0. 
. 1. 2 1.+2 1.+3 
k -1 ,k-1 
-- x-i+) .l•L i+2 • (5. 43) 
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i i + l i + 2 
:l!-i i l!-. .J.. +l i + l l!-. .1.+2 i + 2 
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The new value for the fibre mass present in element j can now be 
simply calculated by using Equation (5.19): 
k k 2 -1 
Ff.f-. =FL .• (Rf .7r.l,31) .2dZ.dF 
l: J. 
• (5.44) 
A problem arises in the element(s) near the yarn surface, see 
Figure 5.14. If FLk is calculated according to Equation (5.42) as: 
NEL 
= (0 yk ) (Xk }'- ) FLk-l 
NOD - NOD- 1 • NOD - NOD -1 ' NEL . (5.45) 
then in the next increment (k + 1) the fibre elongation, Ef, 
. -1 
Ef = (DL. - FL.) .FL. 
J. J. J. - - -
will be too high because FLk NEL obviously does not cover the whole length 
of the fibre tube in the outside element. Two methods are used to cor-




NEL. = NOD 
/c k Jf -1 k-1 
NOD - 1) • (X IDD - NOD - 1) ' FL NEL + 
k -1 k-1 
x-NOD-1) . FL- NEL == 
k k k k -1 k-1 
= ( y- NOD - y--NOD-1) . (X--NOD - x-NOD -1) • FL- NEL . (5.46) 
This situation corresponds with the idea that fibre material is drawn 
into the effective yarn zone from the ineffective. 'hairy zone' (see the 
comment in Section 6.4). 
k The second method is to leave FL NEL as calculated in Equation 
(5.45) and to correct 6ZNEL for the next increment: 
When the fibre has slipped out of the outer element completely, 
this element of course becomes ineffective and the process is repeated 
for the 'new' outer element. 
appropriately. 
In both methods FMk must be corrected 
NEL 
5.4.6 Calculation of Yarn Forces 
The simple stress-component method as described in Section 4.4.4 
is used to calculate the yarn force due to the stresses TA and TL. How-
ever, in this case there is an extra amount necessary to pull the slip-
ping fibres along one another. The virtual-work method is used to cal-
culate this component of P: 
P oU = oENFR FR. y . (5.47). 
where PFR = yarn force component due to friction; 
ou = virtual elongation of the yarn (absolute); and 
y 
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oENFR = energy dissipated in heat by friction due to the virtual 
elongation of the yarn, ou. 
y 
As E = U /dZ, dividing Equation (5.47) by dZ gives: 
y y 
PFR'oEY = oENFR/dZ • (5.48) 
where oEN is now due to oE • 
FR y 
Alternatively Equation (5.48) can be written as: 
PFR = ["::;tdZ-1 . {5.49) 
As ENFR cannot be expressed as a continuous function of Ey, 
dENFR/dEY will have to be evaluated numerically. The simplest expression 
for a numerically evaluated derivative is (59): 
f' (x) = 0,5. (f(x + 6x) - f(x - 6x)} .f..x- 1 • (5.50) 
Substituting in Equation (5.49) yields: 
As EN k+l == EN k + f..EN k+l 
FR FR FR ' 
where f..ENF:+l is the energy dissipated in heat due to friction during 
increment (k + 1), 
Equation (5.51) becomes: 
k k +1 -1 = 0,5. (f..ENFR + f..ENFR ) .(f..Ey.dZ) . (5.52) 
5.4.7 Energy Dissipated because of Friction 
The same methodology as used in Section 5.3.2 and Appendix Dis 
applied to explain the derivation of the energy dissipated in heat 
because of friction. 
In the case of a symmetrical V-shaped migration path a small seg-
ment of fibre, dA will, if slip occurs, slip substantially with respect 
to approximately half the neighbouring fibres which are migrating in the 
opposite direction to dA. It will also slip with respect to the other 
half of the neighbouring fibres which are migrating in the same direc-
tion, but the amount of slippage will be negligible. The amount of 
slippage with respect to one another of neighbouring fibres migrating in 
opposite directions will be twice the amount which an individual fibre 
slips with. respect to its tube. 
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Taking account of what is stated above and in Section 5.3.2, the 
amount of energy dissipated due to slippage between dA and its neigh-
bouring fibres will be: 
[ 
-p ) 
o,s .dA. /26sLI. --. p + WF0 1-E WF 
. (5.53) 
where dA is the length of the fibre segment dA. 
Over the length of the section of fibre present in element i the 
increment in dissipated energy will be: 
Y, 
1. + l 
o_,5.J l2.6sLl.(-TL .1,31.V .µ + WF0 )dY V. sp, WF 
. (5.54) 
y. * ~ 
1. 
The total amount of energy dissipated due to friction in the 
model during increment k can now be written as: 
dZ IDD-1 
= -.o,5. I 
dF i = l 
k 
. 1, 31 . V • µWF + f-vf0 ) dY sp i 
. (5.55) 
There are dZ/dF fibre halves which are migrating in the same dir-
ection as dA present in the model of length dZ. The other fibre halves 
which migrate in the opposite direction are not counted as they have 
already been accounted for. 
In Equation (5.55) there is still one unknown, 6SL, the incre-
mental amount of slip of a point along the fibre with respect to its 
path. The amount of slip of the fibre at each node during an increment 
is given by Equation (5.41): 
= 0. - 0 .. 
1. 1. 
The slip at any point between the nodes is assumed to be a linear func-
tion of Y from which follows: 
6SLk = 6sL\ + (Y - ~i) .(6sL\+1 - 6sL\) .(0i+l - 0i)-1 
for 0. < Y < 0 .. 
J. 1.+1 
(5.56) 
As the assumptions now stand the fibre cannot reverse the slipping 
with respect to its path, so the modulus sign under the integral in 
Equation (5. 55) can be deleted. The only parameter dependent on Y in 
Equation (5.55) is 6SL and as this is linearly dependent the integration 
is easy and Equation (5.55) becomes: 
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dZ N'.)D-1 k k k k 
= -.o,5. I (6SL. + 6SL. ). (-TLV .• 1,31.V .. µrvF + rvF0 ) x dF i = l J. J. + l J. sp ~ 
X (~ - ~.) 
i +l 1. 
. (5.57) 
Substituting this result into Equation (5.49) will yield the component 
of the total yarn force at increment k due to fridtion. 
5,5 ANALYSIS OF A YARN WITH A COMPLEX FIBRE MIGRATION ENVELOPE (W-shape) 
5.5.1 Introduction 
In this Section a version of the staple-fibre yarn analysis is 
presented. This utilises a W-shaped.migration path in which the fibre 
ends are also at the yarn surface. Although a W-shaped migration envel-
ope does not resemble the irregular and complex real migration envelopes 
much more than a V-shaped one it is thought that a W could give a better 
representation of the actual yarn behaviour than a simple V. The main 
reason for this is the presence of .a '~oop~ in a W which is not present 
in a V-shaped migration envelope with the fibre ends at the yarn surface, 
see Figure 5.15. In the sense used here a loop is a section of the 
fibre path which extends from the yarn axis to the yarn surface and back 
to the yarn axis. Loops, or some form of loops, are present in most of 
the observed migration paths in real yarns. 
The W-shaped migration envelope used here is 'double-symmetric', 
i.e., the envelope is symmetrical around its middle (M) and the left 
and right halves are also symmetrical with respect to their middles (M'), 
see Figure 5.15. This requirement can also be expressed as a condition 
for any two points A and Bon the migration path: 
After deformation of the yarn the migration path is assumed to 
stay double-symmetrical. 
As with the V-shaped migration envelope the behaviour of the 
fibre in this case is symmetrical about its middle, M, but it must be 
noted that the behaviour of either of the fibre halves on both sides of 
M will not necessarily be, and in most cases it will certainly not be, 
symmetrical about M' . 
5.5.2 Finite-element Analysis 
The model is subdivided into finite elements in the same way as 
in the 'V-analysis', and these are also numbered from the inside out-
fibre end M 
1 2 3 
R 
yarn ax_i_s _______ _ 
M' 









wards, see Figure 5.8. As mentioned before, the fibre paths are still 
double symmetrical after deformation, which implies that f,.,z, is equal on 
J_ 
both sides of M' . This is also valid for DL' .. which is the length of 
J_ 
tube between the entry and exit points in the element J. However, the 
original length of fibre present in an element, FL'., can be different 
I 
for the inner and outer legs of the Wowing to differences in slippage. 
The two values for FL'. are distinguished by an extra superscript, 
J_ 
I(nner) or O(uter) in front of FL' .. This system will also apply to 
1. 
other parameters which are different for the inner and outer legs. In 
the original configuration: 
5 .19) : 
DL,. 
!; 
The fibre mass present in element i is now defined as (Equation .------ .. 
. (5.58) 
where the term at the end of Equation (5.19) is now 4.dZ.dF-1 because 
there are twice as many fibre segments present in an element with a 
W-shaped path. 
The pressure in an element derived by a van Wyk-type relationship, 
TLV.' is calculated in the same way as in Section 5.4.4, Equation (5.20). 
J_ 
The axial force in the fibre, FA, is derived from the minimum of 
FAS or FAF, which are both different for the outer and inner legs of 
the W. Proceeding as in Section 5.4.4 we have: 
I• I 
b (5. 59a) F = a. Ef. + AS. 
0 1: J_ 0 -
b (5. 59b) F ··~ a. Et, + AS, 
I 1:. :J: I 
FL'.}.( 1FL'.)-1 where Ef. = (DL'. J_ J_ J_ 
0 J. - -
and (DL'. 0 , ) (0 , ) -1 Ef, = - FL .• FL . • 
J. 
d :!: .!, 
The tensile force in the fibre· 1imited by friction, FAF , is for 
the outer leg (Equation 5.28): 
=- OF + 0,5. [DL'. (-TV .l,31.V .µWF + WFo).
0cw+ 
AF. i + l L . sp. . 
1-+1 1-+1 1-+1 
+ DL' .• (- TLV .1,31.V .µ + WFO) •
0 cw] 




F is equal to: 
AFl 
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= OF + 0,5.[DL' 1 .(- T .l,31.V .µ "+ ftvF0 ).
0
cr,r + 




+DL'1·(-T .1,31.V .µ +r-vF0).
1cw) 
_ LVl spl WF 
• (5.6Ob) 
For the other elements 1FAF is: 
+ 0, 5 • [DL' . • ( -
.1 -· 1 
I 
'l, .1,31.V .µ + rvFO). cw+ 
LV, sp, WF 
,1-l ,1-l 
+ DL 1 •• ( - T • l, 31. V • µ + WF ) • IC J 




The correction factors 
1cw and 0 cw are derived in Appendix D. 
The actual tensile force in . the fibre is found by: 
0 . . (0 F = minimum F S 
A. A,. 
I I: . . I I: 














The axial stress in the element, TA, is defined by averaging the 
stresses in the inner and outer legs, see Equation (5.29). 
T = 0,5.(0F + 1F ) .Nf.(A'.cosa.•)- 1 
A, A. A, 
. (5.62) 
,l ,l I: 
The incremental analysis proceeds in the same way as discussed 
. S ' 5 4 5 h d ' . f I d O . l h in, ection ... Te eterm1.nat1on o FL an FL is a ong t e same 
lines as the determination of FL, but the administration is more complex. 
The two co-ordinate systems, X and Y, start at M and go along both the 
inner and outer legs of the W.. The situation at the end of increment k 
is illustrated in Figure 5.16. The co-ordinate Y1 is at the yarn sur-




is at the yarn sur-
face. 0. and 0. are defined by: 





(0 k-1 0 k ] k 
l FL .. ( l + FE 
1
. ) + X -J\lOD 
m = NOD 2 
?-. 
i - l 
DLk, = I for i = l • l\10D; j = NEL ,l m = 1 ., 2 
i - 1 
?-. = I DLk, for i = J\lOD + 1 • NOD2 -,l 
m=NOD 2 
l\10D2 = 2.NOD. 
1 • NOD; j = NEL - m + 1 
-
for i =NOD+ 1 • IDD2 -1 
.j_ = m - NEL 
m + l 
l; 1. = m - NEL 
h h d f 
. 0 I . 
Te met o or correcting FL and FL after each increment is 
further very much the same as described in Section 5.4.5. 
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5.5.3 Calculation of Yarn Forces 
The same method is used for calculating the yarn forces as was 
described in Section 5. 4. 6. The derivation of the amow1t of energy dis-
sipated into heat because of friction is also basically the same though 
somewhat more complex. 
The increment of slippage between a fibre and its tube at the 






m = NOD i + 1 
m = NOD + i l 
(5.63a) 
. (5. 63b) 
For any point between the nodes the amount of slip is assumed to 
be a linear function of Y, see Equation (5.56). 
In Figure 5.15 the legs of the W-shaped migration path are num-
bered from 1 to 4. The increment of slippage at a certain radius is 
designated by 11°sL and 11ISL which is illustrated in Figure 5.17. As 
pointed out in Appendix D, this pattern of slipping where the slippage 
of the fibre in its tube is always towards the middle of the W (M) and 
decreases with increasing distance from the fibre end follows from th.e 
conditions set out in Section 5.3.3. In the actual analyses there are 
some difficulties concerning this rule and these are discussed in Sec-
tion 6.4. 
The increment of slippage at a certain radius of the yarn between 
the legs of the W-shaped fibres is as follows: 
between legs 1 and 2 /10SL I - 11 SL 
II 1 and 3 60SL + 6ISL 
II 1 and 4 /10SL + !10SL 
II 2 and 3 !1ISL + 11ISL 
II 2 and 4 !1ISL + ~..°SL 
II 3 and 4 /10SL - !1ISL. 
As discussed in Appendix D the frictional force per unit length 
exerted on a segment of fibre situated in leg· x by all the neighbouring 
fibres which belong to leg Y (x t, y) is approximately one-quarter of the 
single-fibre withdrawal force. 
Using the same procedures as described in Section 5.4.7 and Equa-
tions (5.56, 5.63 and 5.2) the amount of energy dissipated into heat due 
to friction throughout the whole yarn model is defined by: 
114 
A k dZ NOD - 1 ( 0 k O k I k I k ] 
uENFR == -. l 0,75.(/:, SL.+ I:, SL'. ) + 0,25.(/:, SL.+ f1 SL. ) X 
a "' . J. .1+1 J. 1.+1 r 1. == l 
k k k k 
x (- T .1,31.V .µ + f.</F0 ).(Y'NOD-l-1.' - y-NOD+1.'-l). LV . sp . WF 
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Substituting this equation into Equation (5.49) yields the com-
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A number of special semi-worsted yarns were spun at WRONZ to eval-
uate the analyses presented in the previous chapters. These yarns were 
made from single lines of wool, i.e., there was no blending, to reduce 
the fibre types in each yarn. The three wools used were Cheviot, Rom-
ney, and Lincoln/Leicester, which are respectively very crimpy, moder-
ately crimpy, and almost straight (8). Two yarns with identical linear 
densities but different twist levels were manufactured from each wool 
type. In addition two heavier Ronmey yarns were spun, also a.t different 
twist levels. 
Following Carnaby's method the results of the continuous-filament 
yarn analysis were compared with experimental results from short-gauge 
(25 mm) tests. The results of long-gauge yarn tests were used for the 
evaluation of the staple-fibre yarn analysis. The_ gauge length was 
taken sufficiently long (400 mm) to ensure that the fibres in the middle 
part of the segment of yarn being tested were not gripped by either of 
the jaws of the testing machine. 
6.2 MANUFACTURING AND TESTING OF YARNS AND FIBRES 
The experimental yarns were manufactured on the semi-worsted 
system. The only problem encountered was with the carding of the Lincoln 
woo\ as the web was extremely weak, but a sliver could be made with some 
care. Two different Ronmey slivers were made by using different draft 
settings on the gillbox, one of 12 ktex and the other of 6 ktex. Only 
r---
one 6-ktex sliver was made from each of the Cheviot and Lincoln wools 
and two yarns were spun from each sliver. The nominal and measured 
twist levels and linear densities are given in Table 6.1. 
The stress-strain curves of the yarns were determined on an 
Instron tensile-testing machine by elongating the yarns at a fixed rate 
of extension. The rate of extension was chosen so that the relative 
rate of elongation was the same for both gauge lengths. Fifty specimens 
of each yarn were tested and the average stress-strain curve was deter-
mined by the method described in Appendix E. As pointed out in (1) the 
stress-strain curve to be used in the comparisons with the theoretical 
results is not the average curve but a single experimental curve of 
116 
Table 6.1 NOMINAL AND AC'rU.l'L YARN PARAMETERS 
Wool A B C D E 
Romney 300/100 111 268 272 
Romney 300/180 200 285 280 
Romney 600/ 80 103 595 575 
Romney 600/130 145 617 5% 
Cheviot 300/100 113 299 283 
Cheviot 300/180 199 313 302 
Lincoln 300/100 106 281 279 
Lincoln 300/180 194 283 287 
A == nominal linear density of yarn, tex 
B == nominal twist of yarn, turns/m 
C - actual twist of yarn, turns/m 
D == actual linear density of yarn, tex 
E == linear density of yarn, calculated using the cross-sectional 
density, tex 
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which the initial modulus, the breaking load, and the extension at break 
are close to the average values. This is done because the character-
istic shape of the experimental yarn stress-strain curve is often 
blurred by averaging. 
The experimental results will be biased towards the strength of 
the weakes_t_ p_a.rt of the tested yarn segment in contrast to the theoret-
ical results which will be biased towards the average strength along 
the length of the segment. To diminish the influence of this anomaly 
in the model the tested yarn segment was carefully chosen so that no 
obvious weak spots were included. This method is of course quite 
arbitrary but a check between the averages of 20 selected segments and 
20 random segments showed a small difference in breaking load and 
extension at break. The most significant difference, however, was 
between the standard deviations; the-figure -for the random segrnents 
was twice that for the selected specimens. 
The results of the tests are shown in Figures 6 .1 a - d. One 
obvious feature is the weakness of the low-twist yarns at long gauge 
lengths - they all exhibited moderate to extreme (Lincoln 300/100) 
drafting, i.e., these yarns failed after a relatively short extension 
due to loss of cohesion between the fibres. This was as expected, but 
perhaps surprising is the fact that the initial moduli of these low-
twist yal'.:'nswhen tested at long gauge lengths were approximately iden------ ----
tical to the short-gauge moduli of the corresponding yarns. There was 
also no significant difference between the initial moduli of the low-
twj~f.lt and_high-twist yarns spun from the same sliver whether tested at 
a short gauge or a long gauge. 
The stress-strain relationship of the fibres in the axial direc-
tion was determined and averaged in the same way as with the yarns. 
The gauge length used was 24 mm and 50 specimens of each wool type were 
taken. Because of the much lower forces involved and the method of 
mounting the fibres in the jaws of the testing machine (see Appendix E) 
it can safely be assumed that there was no significant slipping of the 
fibres in the jaws. For use in the analyses the stress-strain curves 
are approximated by a piecewise linear function (see Appendix C). 
These approximations are shown together with the experimental yarn 
curves in Figures 6. l a - d. 
Compression tests on slivers of each w'ool type were carried out 
as described in Appendix F for the determination of the parameters in 
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Fig. 6.lb. Romney 600 tex; experimental A= Roilli~ey fibre; B = Romney 600 tex/130, long gauge (400 mm); 
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the average values of K for each wool type are given in Appendix H 
together with the other data necessary for the analyses. 
The cross-sectional density of the yarns was determined by the 
cross-section method (see Section 2.2.3). Some difficulties were encount-
er.ea in trying to find a suitable resin. The recipe given by Carnaby 
(4) did not set for unknown reasons while others set too quickly. The 
most suitable of the resins tried, although not perfect for this partic-
ular application, was 'Selley's' brand polyester resin containing 33 % 
styrene, which is used with a hardener containing 50 96 cyclohexanone 
peroxide ( the other ingredients of both the resin and the hardener are 
not known). The t~ming of the cutting of the cross-sect.ion slices was 
quite critical, the best time being between about three and four hours 
after preparation. If the cutting was done earlier the blade of the 
microtome would push the fibres sideways a short distance in the resin 
which was still too soft, before cutting the fibres. If the resin was 
left to set for more than four hours the sample would be too hard and 
brittle and it would shatter under the force exerted by the microtome 
blade. The most suitable thickness of the cross-section slices both 
for observing and cutting was in this case 50 µm. The cross-section 
densities of the yarns are. given in Appendix H. On the basis of these 
figures and the yarn twist a value for the yarn weight can be calcul--
ated. This can be used as a simple check for the correctness of the 
cross-section density by comparing the calculated weight with the 
directly measured weight. Both weights are given in Table 6.1. 
6.3 CONTINUOUS-FILAMENT YARN ANALYSES 
The energy-analysis version of the continuous-filament yarn anal-
ysis, which is the formal version, was used for the analyses carried out 
here as discussed in Section 4.3. The yarn model was s~vided into 
concentr_ic elements 0, 0625 mm wide, corresponding to the zones used, ,---------- -
for the determination of the cross-section density of the yarns. As 
with the previous analyses it was assumed that the internal stresses in 
the undeformed yarn were zero. 'rhis was accomplished in the case of the 
lateral pressure by setting V in the van Wyk relationship (Equation 
spo 
4 .16) to the value of V as measured in the original configuration. 
Sp 
The actual analyses were straightforward and there were no prob-
lems except with the Lincoln 300/100. '11he results for this yarn could 
not be obtained because the iterative process used to obtain the solution 
would not converge under any circumstances. As discussed further on in 
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Section 6.6.l the difference between a staple-fibre yarn analysis with 
high values for µWF and WF0 and a continuous-filament yarn analysis for 
the same yarn is negligible. Therefore in this particular case the 
results of the staple-fibre yarn analysis were used and, perhaps sur-
prisingly, did not exhibit any numerical difficulties. The data used 
in the analyses are collected in Appendix H. 
6.4 STAPLE-FIBRE YARN ANALYSIS 
The staple-fibre yarn model is subdivided into finite elements 
in the same way as in the previous Section and the same data are used. 
The extra data necessary are the average fibre length and the two para-
meters in the single-fibre withdrawal relationship, µWF and WF0 • The 
analytical expression for the migration path can be derived from the 
average fibre length and the cross-section density of each yarn (Appen-
dix B). All the relevant data for the staple-fibre yarn analyses are 
collected in Appendix H. 
The W-shaped migration path is utilised for all the analyses 
the results of which are compared with the experimental results. Only 
a few analyses were run with the V-shaped path, mainly to investigate 
the influence of t..he shape of the migration pa th on the results. 
As the o~er__e_:l._ements of all the yarns contained very few fibres 
these elements were not used in the analyses. They were, however, 
incorporated into the calculation of the linear density of the yarns 
and of the migration paths. Figure 6.2 shows how this was done. The 
elements where the path is shown with a broken line were not used in 
/_, __ 
the analysis and they are considered to form the 'hairy region' of the 
yarn as defined by Carnaby (4) . When the fibres slip in their tubes 
the extra length of fibre necessary to keep the tubes filled can come 
from these ineffective outer elements. It must be noted that these 
elements are really ineffective in contrast to the 'ineffective layer' -----as introduced by Holdaway (26) which actually had a significant effect 
on the yarn behaviour. Several analyses were run with a different num-
ber of effective elements and showed no significant difference as long 
as only the sparsely occupied elements were ignored. 
As in the continuous-filament yarn analyses the internal stresses 
in the undeformed yarns were assumed to be zero. The correctness and 
implications of this assumption are discussed in Section 6.6.3. 
The actual analyses were troubled by many nume.rical problems, 
most of which were concerned with convergence. However, the main problem 





















was conc;erned with the. determination of the fibre axial force, and is 
discussed in Section 5.3.3. Three typical problem situations are shown 
in Figures 6. 3 a - c. The two curves shown in each Figure are ~s~iln.d 
FAF , th_e_,129-t:.~_ntial fibre axial force due to the yarn elongation, and 
the potential axial force due to friction respectively. In these situa-
tions FA cannot be de~ermined by the simple method of taking the minimum 
of FAF and FAS because the conditions for its use are not met. 'rhe only 
simple way of getting around -the problems illustrated in Figures 6.3 a 
and bis to ignore the conditions and use the minimum method anyway. 
Fortunately this kind of situation only occurred in the first increment 
of an analysis; in later increments FAF and FAS would take on different 
forms because of slip and these caused no more problems. A typical sit·· 
uation for a later increment is shown in Figure 6.3d. The problem in 
Figure 6. 3c was solved in a different way by assuming that R
1
, the inner 
radius of the inner element, which is usually zero, has some positive 
non-zero value and did not change during deformation. 'I'his would take 
the 'dip' out of the FAS curve. 
6.5 EVALUATION AND DISCUSSION OF THE CONTINUOUS-FILAMENT YARN ANALYSIS 
6.5.1 General 
The theoretically obtained results from the continuous-filament 
yarn analysis are shown in Figure 6.4 together with the short-gauge 
experimental results. The general conclusion on looking at these Fig-
ures is that the initial part of the theoretical curves compares favour-
ably with the curves obtained experimentally but at higher strain levels 
the stresses predicted theoretically are too high. Also the predicted 
strain level at which the yarn stress decreases is too high. One 
notable exception is the Cheviot 300/180, in which case the predicted 
curve matches the experimental curve well. 
However, it must also be noted that the data for the analyses .of 
the Cheviot yarns are the least reliable of the three wool types, espec-
ially the yarn cross-section density, as the Cheviot yarns and fibres 
were particularly irregular in behaviour and geometry. 
One striking feature of all the comparisons, with the above 
exception, is the consistency of the discrepancy between theory and 
experiment, which can be roughly expressed in graphical form as shown 
in Fig·ure 6. 5. Because of the consistency of the difference between 
theory and experiment it is likely that there are one· or more common 




Fig. 6.3a. 'Simple' solution cannot be applied 
Fig. 6.3b. 'Simple' solution cannot be applied 
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Fig. 6.4a. Romney 300 tex; short-gauge theoretical (continuous line= experimental; broken line= theoretical) 
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Fig. 6.4b. Romney 600 tex; short-gauge theoretical (continuous line= experimental; broken line 
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Fig. 6.4d. Lincoln 300 tex; short-gauge theoretical (continuous line= experimental; broken line= theoretical) 



















































data would produce inconsistent discrepancies. Although there probably 
is a common factor (3) behind the discrepancy for all the yarns the 
problem is to identify it. This is difficult as many of the assumptions 
made for the analysis could be more or less suspect. Here two assump-
tions will be discussed which seemed the most likely to the author. 
6. 5. 2 Discontinuous Fibres in Short--gauge Specimens 
An assumption that is particular to the short-gauge model is 
that all the fibres are continuous. However, this can only be the case 
if the gauge length is close to or equal to zero. In the experiments 
conducted here the gauge length used was 25 mm which implies that a 
"I 
significant proportion ( 30 - 50 %) of the fibres in the tested yarn seg- / 
ment would not be gripped by both jaws of the te~t_ing machine. The 
-----~------
contribution of these discontinuous fibres to the general yarn strength 
is dependent on the inter-fibre friction, just as in the long-gauge 
yarn tests, and can be anywhere between O and 100 % • At present the 
contribution is assumed to be 100 %, i.e., a discontinuous fibre is 
assumed to be as strong as a continuous fibre. 
The only simple alternative to the present assumption is to 
assume that the discontinuous fibres do not contribute at all to the 
ax~~tresses in ~ _ _y_arn, TA. Their presence should still be accounted 
for in the determination of.the specific volume and hence the lateral 
st~ss ~ Tl,. However, this new assumption would imply that a long-gauge 
yar~ would have no strength at .all because all the fibres would be dis-
continuous in that case. 
When the sta-ple-fibre yarn analysis was developed later it was 
realised that this could be used to assess the effect of the discontin-
uous fibres in the short-gauge yarn tests. This was done by assuming 
that a certain percentage of the fibres in the staple-fibre yarn, P , 
C 
would not slip at all. The other fibres, PJ)c%,_ were treated as usual 
in the staple-fibre yarn model, i.e., slippa_ge could take place. 
Because of the extra complications involved, this method was only used 
in the staple-fibre yarn analysis with the V-shaped migration path. 
Only one yarn was evaluated in this way, the Romney 300/180, for which 
the values of µWF and WF0 were taken as 0,002 and 0,005 respectively. 
With 100 % discontinuous fibres these values give a good agreement with 
the long-gauge yarn results. The analysis was run for a series of dif-
ferent percentages of continuous and discontinuous fibres and the 
results are shown in Figure 6.6. It is evident from the results that 
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yarn model at full strength. The actual percentage of continuous fibres 
in the short-gauge (25 !Tull) yarn is roughly estimated as 70, 65, and 55 % 
for the Lincoln, Romney, and Cheviot yarns respectively. The differences 
are caused by the different lengths of the fibres of the three wool types. 
,-------·---- ---
Because of the large margin between the actual percentage of con-
tinuous fibres and the theoretically derived percentage which is neces-
sary to keep the yarn model at full strength, the assumption that all 
the fibres are continuous in a 25-mm length of yarn can be regarded as 
more or less valid. 
6.5.3 Lateral Compressibility of Yarn under Tension 
The other factor which could relate to the discrepancy between 
reality and theory for the short-gauge yarn tests is the assumed van Wyk 
relationship for the lateral pressure. As discussed in Section 2.4.1, 
the relationship is only evaluated for an untensioned sliver. Because 
=--
of the relationship assumed .the lateral pressure on the sliver remains 
the same if the sliver is elongated without change in volume. Owing to 
a certain entanglement of the fibres in the sliver it will contract con-
siderably if it is elongated. This would mean that the lateral pressure 
,-
would actua_J.)._y decrease on a sliver which is elongated under constant 
volume change. This effect implies that K will decrease if the fibres 
in a yarn, which are also slightly entangled, are tensioned. '11his is 
hard to verify experimentally as this would .require an elaborate exper-
imental arrangement where the sliver could be tensioned while being com-
pressed laterally. 
To check the influence on the yarn model strength of a van Wyk 
parameter, K, which decreases with the tension in the fibres a special 
relationship for K is assumed here: 
V 
where K' = van Wyk parameter for tensioned sliver; 
K = van Wyk parameter as determined on un tensioned sliver; 
Ef = fibre strain in the yarn; and 
a = an arbitrary factor. 
It must be noted that the above function is quite arbitrary and 
it has no theoretical or experimental basis. The experimental results 
for the Romney 300/180 yarn are used to evaluate the influence on the 
results of the continuous-filament yarn analysis. The results for val-
ues of a of 0, 10 and 50 are shown in Figure 6.7 together with the 
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a= 0 is of course identical to that obtained with an uncorrected K. 
It can be seen in the Figure that the correction of K gives the theor-
etical curve a push in the right direction. However, it would be prem-
ature to draw any conclusions as this whole procedure is very crude and 
arbitrary. Nonetheless it seems worthwhile to investigate the compres-
sive behaviour of a sliver under tension to check the hypothesis dis-
cussed above. 
6.6 EVALUA'rION AND DISCUSSION OF THE STAPLE-FIBRE YARN ANALYSIS 
6.6.l General 
A method for evaluating the general correctness of the staple-
fibre yarn analysis is to compare the results of a continuous-filament 
yarn analysis with those of a similar staple-·fibre yarn analysis in 
which no slip occurs. This is achieved by setting the values of µWF 
~~~F_o to large numbers in which case the staple-fibre yarn model will 
behave as if all the fibres were continuous. It is found that the 
difference in the results when no slip occurs in the staple-fibre yarn 
analysis is negligible, which is in accordance with the work of Treloa}: 
( 19) • 
It was also found that when the values of µ and WF0 are suffic-,- WF 
iently high to prevent substantial slipping the results of the V-anal--
ysis- and the W-analysis are identical. However, for values of µWF and 
WF0 which allow a substantial amount of slipping in the model, the 
V-yarn model is significantly weaker than the W-yarn model, see Figure 
6.Bb. This is not surprising as the inner legs of the W will act as a 
'loop', maintaining the lateral pressure in the yarn even if the outer 
legs slip. 
A problem arises when trying to compare the results of the staple-
fibre yarn analysis with the experimental results of long-gauge yarn 
tests as two parameters necessary for the analysis, µWF and WF0 , have 
not been determined experimentally. The values for µrvF and WF0 given 
in the literature (3, 33 x 10-3 mm and l x 10-4 N.mm-1 respectively (31)) 
give theoretical results for the yarn strength which are far too low. 
However, these values were obtained with Botany (Merino) wool and they 
may not be representative of the wool types and slivers used here. 
In order to investigate this question the pa1:-ameters µ and IVF
0 WF 
were treated as unknowns, the procedure used being to determine the 
values of these parameters which would give the best fit between the 
theoretical and experimental yarn-strength curves. Only the Romney 
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yarns were thoroughly covered because th.is procedure involved a large 
number of analyses. Some of the results are shown· in Figures 6. 8 a - d, 
only a few solutions for each yarn type being given for the sake of 
clarity. 
A remarkable finding was that the phenomenon of drafting, where 
the yarn strength decreases after a short extension - as exhibited by 
the experimental curves for the low-twist yarns (Romney 300/100 and 
Romney 600/80) - could be induced for the theoretical analyses of the 
low-twist yarns but not for the high-twist yarns. If yer_y_ low values 
for µWL_c111~_f<.71!'0 _c1r_e used for the high-twist yarns the theoretical curve 
does exhibit drafting but no decrease in yarn strength. It can also be 
seen that for certain values of µ and WF0 for which the high-twist WF 
yarns show considerable strength, the low--twist yarns exhibit drafting 
and loss of strength after a short extension. 
Another interesting feature, which is not shrn'1n in the Figures, 
is that for WF0 = 0 thE:___rn~-~~1- .shows no resistance to elongation at all; 
i.e., the initial strength of a staple-fibre yarn is not dependent on 
fibre migration but on the factor, WF
0
• The importance of fibre migra-· 
tion to the model is more significant after the initial extension as 
can be seen in Figure 6.8b, where the theoretically obtained curves of 
V- and W-models are shown. It must be noted that for analyses in which 
the initial increment of elongation is quite large (> 2 %) the model will 
sometimes develop resistance against extension even when WF
0 
is zero. 
This anomaly is due to numerical rounding-off errors and it vanishes 
when either smaller increments are chosen or double precision is used. 
The amount of energy which is dissipated into heat by friction 
is quite significant, be:i.ng·alinost J.00 % of the total energy in some 
cases (drafting). In the analyses which yield results comparable with 
the experimental results the dissipated energy is on average 10 - 20 % 
of the total energy expended on extending the yarn. 
All in all the staple~fibre yarn analysis does simulate certain 
aspects of the behaviour of wool yarns quite realistically and promotes 
our understanding of the role of certain mechanisms in the development 
of the strength of staple-fibre yarns. However, there are still quite 
a few discrepancies between theory and experiment. Only in one case, 
the Romney 300/180, was a good agreement found between a theoretical 
curve and the long-gauge experimental curve; in this case the values of 
µr-vF and f-vF
0 
were 2 x 10- 3. mm and 5 x 10- 3 N.nun-1 respectively. The 
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Fig. 6.8b. Romney 300 tex/180; long-gauge theoretical (broken line also experimental) 
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Fig. 6.8c. Romney 600 tex/80; long-gauge theoretical (broken line= experimental) 
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Fig. 6.8d. Romney 600 tex/130; long-gauge theoretical (broken line= experimental) 




in the literature (31, 34) but the value for WF
0 
is 50 times as high. 
This high value for WF0 is not just an exception since the same value 
is necessary for all three other yarns to induce a good agreement for 
the initial moduli. Al though as pointed out earlier the value for f'1F0 
given in the literature is possibly not representative of the wool 
types used here, the difference is so large that some other factor(s) 
must be involved. There are a multitude of factors which could be 
responsible for the discrepancy between theory and experiment. The 
most important of these are thoroughly discussed in the following 
Sections. 
6,6,2 Radial Position of the Fibre Ends 
One particular assumption which is quite controversial is that 
concerning the radial position of the fibre ends. Although there is 
some evidence that a fair proportion of the fibre ends are near the sur-
--~---- --------
fake~Qf th_e yarn ( see Section 2. 2. 2) there will undoubtedly be quite a 
few fibre ends elsewhere in the yarn. The question is whether there 
would be any sig11i_ficant difference between the results of the present 
analysis and those of an analysis where the fibre ends were more realis-
tically distributed. Extensive changes to the analysis would be neces-' 
sary to account for a different distribution pattern of the fibre ends 
and these would make the formulation much more complicated. An alter-
native method would be to have all the fibre ends at the yarn axis as 
an inverted W, and see what would be the difference from the normal 
W analysis with the fibre ends at the yarn surface. If the difference 
was small it is possible that a yarn model with a more random distribu-
tion of fibre ends would also yield results that were much the same as 
those for the present model. It is comparatively simple to change the 
analysis so that the fibre ends are all at the yarn axis; however, owing 
to numerical difficulties no significant results were obtained. The 
analysis only gave results for very high and very low values of µWF and 
r-vF0 , which correspond to no slipping at all or extreme slipping. The 
results obtained for the ext~eme values ofµ and WF0 were identical WF 
for both the normal W-shaped migration path and the inverted path as 
would be expected. Given time the numerical problems could probably be 
solved but it was decided to devote effort to other aspects of the work. 
For the time being it will be assumed that an analysis with all the 
fibre ends at the yarn surface is a realistic proposition. 
6.6.3 Influence of the Internal State of the Undeformed Yarn on the 
Analysis 
The internal state of an undeformed wool yarn is of much more 
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significance to yarn mechanics in general and possibly also to the 
present problem. In the present analysis it is assumed that the fibres 
in the w1de.formed yarn ar:=:-unstressed and are identical to fibres taken 
from the sliver from which the yarn was spun. '11he actual situation in 
a real wool yarn is much more complicated, but this does not automatic-
ally imply that the assumption should lead to erroneous results. To 
explain this the most important factors which have an influence on the 
behaviour of the yarn and the fibres in the state in which they are 
tested are discussed below. 
The procedure for yarn spinning and the experiments was as follows! 
(a) manufacture of slivers followed by spinning into yarns which 
were immediately wound onto bobbins; 
(b) the bobbins and the remaining slivers were stored under controlled 
conditions, the slivers being stored so that no significant exter-
nal pressure was exerted on them; 
(c) after six months the bobbins and slivers were taken out of stor-
age and tested under controlled conditions; the stress-strain 
curves of the yarns were determined immediately after winding 
the yarn off the bobbins; the stress-strain curves of fibres were 
determined on fibres taken from the slivers; yarns were mounted 
under a very small tension in frames immediately after being 
wound off the bobbins for determination of the cross-section 
density, resin being poured into the frames between 2 hand 2 
days after the mounting; the parameters of the van Wyk relation-
ship were determined.from the slivers. 
To explain the influence of the above procedures on the behaviour 
and the state of the yarn and the fibres when they were tested the fol-· 
lowing factors must be taken into account; 
(d) the yarn is wound onto the bobbin under a certain tension, the 
so-called spinning tension; this implies that immediately after 
winding on the fibres have non-zero axial and.bending stresses, 
the latter being due to the lateral pressure present in the 
tensioned yarn; because of the situation on the bobbin the corres-
ponding strains are not free to recover by movement of the fibres; 
(e) wool fibres have complicated visco-elastic properties (66); if a 
wool fibre is held in a stressed configuration for a period of 
time the fibre stress will diminish, the extent of the stress-
relief being time-dependent; the recovery of the fibre to its 
original state after removal of the external constraints is also 
time-dependent; the rate of both the stress-relief and the recov-
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ery are also dependent on other factors such as temperature and 
the medium in which the fibre is present. 
The general conclusion from the above-mentioned points is that 
the yarn wound off the bobbin after six months storage is not in the 
same state as when it was wound onto the bobbin. This was especially 
evident in the case of the high-twist yarns which exhibited extreme 
snarling just after spinning but not any more after storage. This is .--------------
of course caused by the stress-relief of the fibres. 
Several workers (67 - 70) have shown by experiments that fibres 
taken from a yarn which has been stored for a considerable time after 
being.spun exhibit stress relief or cohesive set (as this effect is 
called in the textile literature) to a certain extent. Carnaby (4) 
found a value of about ()_ 1 5% ... for the cohesively set axial strain in 
fibres from yarns stored for six months which were similar to those 
used here. Fibres taken from the corresponding slivers had no cohesive-
ly set strain which implies that the stresses (relieved or not) present 
in the fibres of the yarn are due to the spinning process. What cannot 
(yet) be measured is the strain in the fibres that is possibly still 
present but not cohesively set, because this will immediately be recov-
ered either when the yarn is wow1d off the bobbin or when the fibre is 
taken out of the yarn to be tested. However, it can be safely assumed 
that after a long storage period the fibres will be almost completely 
stable in respect of both axial and bending stresses. Because the 
bending stresses are also relieved the lateral pressure in the yarn 
will be zero. 
The conclusion therefore is that, at the time it is tested, the 
yarn has indeed zero internal stresses as was assumed. But it can also 
be concluded that this assumption does not specify the situation 
adequately, that is to say, the stress history of the fibres should 
also be mentioned. In the tests previously described in Section 6.2 
this aspect has been neglected and the necessary data have been taken 
from fibres from the sliver which did not have the same stress history 
as the fibres present in the yarn. 
The question is, what are the consequences for the results' of the 
analyses? Assuming that the values for the cohesively set strain as 
obtained by Carnaby (about O ,5 %) are also applicable to these yarns 
there is probably little difference between the stress-strain curve of 
a typical fibre taken from the sliver and one taken from the yarn after 
stor_age. Because of the chemical and physical phenomena occurring dur-
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ing stress relaxation there will be very little difference in the initial 
part of the stress-strain curve, the main difference being in the post-
yield region. However, the set strain is so low that it can be assumed 
that there will also be little difference in the post-yield region. 
The correct method would be to determine the stress-strain curve from 
fibres taken from the yarn. In general it can be said that a possible 
correction to the fibre stress-strain curves as used here would have a 
negligible influence on the analyses. 
To determine the lateral compressibility of the fibres in the 
yarn the compressive behaviour of the equivalent sliver is measured. 
However, the sliver is still in its original undisturbed state after 
1 3 -1 storage, which is characterised by a value for V
5
Po of about O mm .mg . 
'l'he fibres in the yarn have been held at a much lower specific volume 
for a long time and because of this the bending stresses have been 
relieved. This implies that the value of Vsp for which there is no 





, is now equal to the value of Vsp as present in the yarn. 




vary throughout the yarn, increasing with the dis-
3 -1 , tance from the ya.rn axis, with a minimum of 1, 2 mm .. mg for the inner 
elements of the high-twist yarns. 
The present analysis takes account of the changed V5P
0 
but it is 
questionable whether the van Wyk parameter, K, which is determined on 
the undiE> turbed sliver, can be used for the stress-relieved fibres in 
the yarn. In Figure 6.9 the compression curves are given for different 
va~3- of V5Po but the same values of K. It can be seen that the curves 
are only slightly different and then only at low external pressures. 
'l'heoretically this could be justified by the fact that at high external 
pressures the fibres have so many bending points that the exact original 
configuration of the fibre does not matter. Experimental evaluation 
could be performed by compressing pieces of sliver to a certain specific 
volume and storing them in that state. After a given period of time the 
compressibility of the samples could be measured and compared with that 
of the undisturbed slivers. This procedure would necessarily take a 
long time but it need not be complicated. 
A factor which probably has much more influence on the analysis 
than any variations in the value of K is the value of WF 0 . The values 
of WF
0 
which are given in the literature were determined from slivers 
3 -1 which had high specific volumes, e.g., in (34) V was about 8 mm .mg . 
-----·- . spo 
'l'he reason for the existence of f'\"F0 is given in ( 31) as the §_I!l9-_l_l resid-
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uncompressed sliver. 'I'hese small residual contact forces will also exist 
in a sliver which has been set into a configuration which has a much 
lower value for V 
8 Po 
be higher if V8P is, 
0 
is 8 mm 3 .mg- 1 • If it 
However, the number of inter-fibre contacts will 




is assumed that the contact forces are equal in 
both cases and the number of contacts is inversely proportional to Vsp 
(31), the value of WF
0 






= 8 mm 3 .mg- 1 • This implies that WF
0 
varies 
throughout the yarn. To-evaluate this hypothesis an analysis was run 
with varying values of WF0 for the Romney 300/180. The values for µWF 
and WF
0 
were taken as 3, 33 x 10- 3 mm and 1 x 10-'+ N .mm- 1 as determined in 
( 31) . This is the value for f'1F' when Vs:p is 10 mm 3 • mg- 1 ; for the anal-
o 0 
ysis it was corrected for each element by using the following relationship: 
WF'o = Vspo 
vsp' 
0 
where WF ' 0 = corrected value for WF0 ; 
Vsp ::- speeific volume o'f sliver in undisturbed state; and 
0 
Vsp'o = local specific volume in the undeformed yarn. 
The results with this method were slightly better than those when 
using the uncorrected value of WP0 but the yarn still exhibited excessive 
slipping, see Figure 6.10. 
Another hypothesis which could explain the discrepancy between 
theory and experiment is concerned with the compressive behaviour of a 
drafting sliver which is cohesively set into a configuration with a low 
specific volume. Before any compression of the sliver has taken place 
the fibres will exhjbit to a large extent their natural configuration 
which ranges from straight to highly crimped. There will be some dis-
tortion though not very much. When the sliver is compressed the number 
of inter-fibre contacts increases and fibres are forced into unnatural 
distortions so as to accommodate neighbouring fibres. If the sliver is 
held in the compressed state for a long time the resistance of the 
fibres to their new unnatural state decreases because the bending 
stresses associated with the distortions are relaxed. When the sliver 
has been compressed long enough the new configuration becomes the 'nat-
ural' configuration. There is a difference from the undisturbed sliver, 
however. The distortions of the fibres in the compressed and set sliver 
are to a much greater extent matched to one another locally because of 
the much smaller volume. If the set sliver (on which no external press-


















































Rorr~ey 300 tex/180; long-gauge theoretical with WF0 dependent on V5 p 0 
---------experimental 
µWF = 0,0033 
WF0 variable 
µWF = 0,0033 
WF0 = 0,0001 
( long gauge) 
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respect to one another takes place a large number of previously match-
ing distortions will be pulled out of alignment. This would cause the 
fibres to distort into fresh configurations and hence create new bending 
stresses. If the sliver is constrained externally this implies that 
the lateral pressure which-was first negligible will suddenly rise con-
siderably. This process.is illustrated in Figure 6.11. 
The fibres need only slip a very small amount for this phenomenon 
to occur because the distance between the inter--fibre contacts and hence 
the dimension of the distortions is very small. In the van Wyk relation-




to a higher value 
than V What the exact value of V " will be is hard to estimate 
~o ~o 




It is almost certainly 
lower than the original 1'sp
0 
owing to a certain amount of irreversible 
slipping during the initial compression process. 
If the hypothesis discussed above is true the potential implica-
tions for the staple-fibre yarn analysis are considerable. In general 
it will imply that if slip occurs somewhere in the yarn the lateral 
pressure will suddenly increase thereby causing an increase in the fric-
tional force which could possibly stop the slipping. This could be 
realised in the analysis by first using a value for V
8
Po as calculated 








would be changed to a higher value, Vsp\ • This also implies that if 
slipping occurs in an element which has already been considerably com-
pressed during yarn extension the change in V8p0 
will have a marginal 
influence on the lateral pressure. However, the main effect of the 
change in V"-'P is expected to be in the initial stages of yarn extension. 
;::, 0 
To investigate the influence of the changing V
8
Po on the theoret-
ical results the analysis of the Romney 300/180 yarn was used, with WF0 
dependent on V ' sp o • 
of slip is reached. 
The change in V takes effect if a certain level 
spo 
This 'trigger' value is arbitrarily taken as 0,1 
mm. Although V8p"
0 
is probably dependent on Vsp' 
0 
it is conveniently 
taken as being constant throughout the yarn. Elements where the slip 














was taken as 8 mm 3 .mg-1 • This_ caused the analysis to 
fail probably because of the large change in V in several elements. 
spo 
3 -1 , , The value for V II was reduced stepwise by 1 mm .mg until the numer1-
sp o 
cal difficulties were resolved, which did not occur until V 11 = 
sp o 
3 -1 ' 2 mm .mg - was reached. The result is shown in Figure 6.11 and is cert-
ainly bette.'l' than the original result without V " 
sp 0 
However, a consid-· 
Undisturbed sliver 


















Apply tension 2' ! i-diate 
V II > V I 
sp o sp o < T 
------ - -····· ---------------------.,--,.------------·-.~--------------------~~-----------------·- ·- - - -··· -----· ------------------___, 
p ~ 0 
l l l l l l l l 
p » 0 
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T ) 
Fig. 6 .11. Influence of storage and subsequent tensioning on V of a 
sliver m = mass of sliver; b = width; 1 = length spo 
erable number of elements did not benefit because their V ' was 
sp o 
larger than 2 nun 3 • rng- 1 • Because there are still too many arbi tra:cy 
factors involved it was not considered worthwhile to spend a lot of 




SUMMARY, CONCLUSIONS, AND SUGGESTIONS FOR FURTHER WORK 
7 .1 SUMMARY AND CONCLUSIONS 
7.1.l Introduction 
The work presented here is concerned with the structural analysis 
of textile_yarns under tension, with the emphasis on singles wool yarns. 
Although this subject has been extensively studied before a systematic 
approach to the problem using the full advantages of modern high-speed 
computing· equipment and the associated powerful numerical techniques 
has been lacking. Here an attempt has been made to fill this gap, rely-
ing mainly on yarn models based on continuous filaments and staple fibres 
which have been described previously by Carnaby (4) and Hearle (6) resp-
ectively. 
7 .1. 2 Continuous-filament Yarn Analysis 
In the case of the continuous-filament yarn theory the model 
used here is essentially the same as that described by Carnaby, but a 
more formal mathematical development of the problem along the lines of 
the finite-element method is applied. The major achievement in this 
case is a considerable reduction in the computational effort required 
so that the model can be used freely to evaluate the multitude of per-
mutations possible in yarn structures. An alternative development of 
Carnaby's continuous-filament yarn model is also described which can be 
more readily adapted to incorporate inter-fibre friction and fibre slip-
page, but which is less formal in the mathematical sense. Because of 
-,~----
this care must be taken to ensure that an accurate solution to the prob-
lem is obtained. 
The general conclusion in the case of the continuous-filament 
yarn analysis presented here is that it yields a reasonable approximf.l-
, . 
tion of the behaviour of wool yarns at a short-gauge length, especially 
in the initial range of extensions. An appreciable disci:-epancy between 
theory and experiment still exists at higher extensions but the general 
shape of the theoretically predicted curve agrees well with that of the 
experimentally obtained curves. 
In Sect.ions 6.5 and 6.6 several factors are discussed which could 
explain the discrepancy between theory and experiment at high levels of 
yarn extension. Further study is needed especially with respect to the 
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lateral compressibility properties of the yarns. 
7.1.3 Staple-fibre Yarn Analysis 
Although the short-gauge model is very useful in the development 
of our understanding of yarn mechanics, in practice the long-g~t1g,e 
strength of wool yarns, and of staple-fibre yarns in general, is of more 
consequence. It was therefore decided to devote the rest of the time to 
the development of a staple-fibre yarn analysis rather than to refine 
the continuous-filament yarn analysis, which would involve extensive 
experimental work. 
To simulate the behaviour of long-gauge wool yarns a model is 
developed which incorporates .the effects of the fib]'.'_e discontinuities 
and fibre migration. A staple-fibre yarn model previously described 
by Hearle (6) is used as the basis but extensive changes are made which 
reflect the advances made in the modelling of the lateral contraction 
of wool yarns during deformation. The inter-fibre friction forces, 
which are so important in staple-·fibre yarns, are incorporated into the 
model by an analogy with the withdrawal force of a single fibre from a 
sliver. To enable the analysis to cover the higher ranges of yarn 
extension where most of the fibre slippage occurs the changes in the 
relative position of the fibres due to slippage are accotmted for. 
Also the energy which is dissipated into heat by the fibre slippage is 
taken into account for the calculation of the yarn force. 
A method is presented for calculating the ideal migration paths 
in staple-fibre yarns of which the cross-section density is dependent 
on the radial position in the yarn. This method has similarities with 
previous methods (6, 19); however, in both of these cases a constant 
cross-section density throughout the yarn was assumed. 
The analysis is developed for two types of migration envelopes, 
a simple V-shape and a more complex W-shape, both with the fibre ends 
at the surface. The analysis with the V-shaped fibre path was mainly 
used as a 'prototype', the actual evaluation of ·the model being done 
with the W-analysis. If desired it would be comparatively straight-
forward to incorporate other types of migration envelopes, for example, 
a triple-V (VW) shape. 
While the staple-fibre yarn model can not as yet be used to 
predict the strength of a yarn reliably, it does represent the first 
serious attempt at predicting the important features of the observed 
stress-strain curve for these yarns. '111ere are still too many unknown 
factors involved, however, to be able to attribute the shortcomings of 
155 
the current. analysis to either inadequacy of the model or of the data. 
However, the staple-fibre yarn model does simulate quite realistically 
certain phenomena characteristic of the behaviour of real staple-fibre 
yarns, see Section 6.6.1. This is quite encouraging and marks a sub-
stantial progress in the mechanics of staple-fibre yarns which has 
always been rather neglected, due to its additional complexity.in com-
pari.son with the mechanics of continuous-filament yarns. It is felt by 
the author that more detailed information on factors such as lateral 
compressibility and inter-fibre friction will enable the staple-fibre 
yarn analysis to yield better results, without having to make extensive 
changes in the model. 
7.2 SUGGESTIONS FOR FURTHER WORK 
The problem discussed in this work is in fact the simplest pos-
sible combination of the many aspects concerning the tensile behaviour 
of textile yarns. In Table 7.1 a list is given of the most important 
features by which the yarn or the testing of the yarn can be described. 
Furthermore, two lists. are given of the form in which these are incorp-
orated into the p:resent analysis and of the possible alternatives for 
future analyses. 
Table 7.1 Yarn and Test Features 
Features Present 
Fibre properties uniform 
Number of plies in yarn one (singles) 
Yarn geometry along the yarn axisluniform 
Loading single extension 
Duration of loadinglindependent of time 
Alternative 
non-uniform (blends) 
more than one (plied) 
non-uniform (weak spots) 
cycling (hysterisis) 
{ very short (dynamic effect) 
very long (creep; stress 
relaxation) 
Some of the alternative features could possibly be incorporated 
into the present analyses with a few minor changes. To incorporate 
certain. other features in an analysis would necessitate extensive 
changes in the present models and/or analyses or even a totally new 
model, as would be the case for plied yarns. Although incorporation of 
any of the alternative features would imply a more complex analysis than 
the present one the basic methodology described here, utilising the 
finite-element method, could be applied. 
However, before proceeding to these more advan_ced tasks it is of 
the utmost importance that the problems encountered in the present 
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analyses, which would inevitably recur for the more complex analyses in 
the future, are fully understood if not overcome. 
In the author's opinion further work should be concentrated on 
three factors which, as discussed in Chapter 6, are closely related: 
internal state of the undeformed yarn; 
lateral compressibility of the yarn; and 
inter-fibre friction. 
The last factor is not of course relevant in the case of the 
continuous-filament yarn analysis. The lateral compressibility and 
the inter-fibre friction are both modelled with the aid of theories and 
data which are concerned with slivers, not yarns. However, this does 
not have to be a problem as long as the state of the fibres in the 
sliver is approximately the same as the state of those in the yarn 
this is where the internal state of the undeformed yarn becomes impor-
tant. A thorough study of these three important factors will entail a 
considerable amount of elaborate experimental work but this is certainly 
warranted if progress is to be made in yarn mechanics. 
Another important point is the numerical solution of the model 
equations. Many of the staple-fibre yarn analyses failed because of 
convergence or other related.problems. It is·probably worthwhile to 
consider other solution methods than the presently used Newton-Raphson 
iteration, or to devise a more elaborate computing strategy which would 
probably help very considerably. 
A final suggestion is the development of a model which can pre-
dict the geometry of a yarn from the manufacturing parameters and mat-
erial properties. This is certainly not an easy task but it is very 
closely related to the present problem and could possibly be solved in 
a similar fashion using finite-element techniques. Furthermore the 
solution of this problem is essential if the ideal is to be achieved of 
being able to predict the behaviour of textile yarns, and fabrics too 
for that matter, without ever having to manufacture the yarns. 
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APPENDIX A YARN CROSS-SECTION DENSITY 
The number of fibres in a yarn cross-section is determined by the 
cross-sectional method (see Section 2.2.3). Because the distribution of 
fibres is in general non-uniform in the radial direction (wool yarns) 
the cross-section is subdivided into annular rings and the number of 
fibres per ring counted. The rings are taken so that they coincide with 
the finite element subdivision (or vice versa) and an example is shown 
in Figure Al. 
The rings (or zones) are numbered in increasing order from the 
yarn axis outwards and the bordering circles of zone i lie at radii R. 
1. 
and R. respectively. 
1.+l 
The number of fibres in a zone i is designated 
by N,. 
1. 
'l'he cross-section density function, p{R), is used for the anal-· 
ysis of the migration path (Appendix B), and this is defined by: 
p (R) = N lirn AR 
6R + 0 D 
(Al) 
where N is the number of fibres present between the circles with radii 
R + 0,5 .6R and R - 0,5.6R respectively. 
This is purely a matliematical tool as in reality P(R) would 




Here three possible forms of p{R) are investigated: 
p. (R) = c. 
1. 1. 
p. (R) = a, .R + b. '• 
1. 1. J. '( 
p. (R) = d, .R-1 
1. 1. 













The parameters al.,, b., c. and d, can be derived from the above 






-1 c .. (R, - R,) == N. • c. = N,. (R. - R.) 
J. 1.+1 J. J. J. J. 1.+1 J. 
a,.(R. 2 - R, 2 ) + b .. (R, - R.) = N,. 
J. 1.+1 J. J. 1.+1 J. J. 
This equation can only be solved if an extra condition is given. 
case the continuity of p.(R) over the zonal boundaries is stip-
1. 
p,. (R. ) = p, . (R. ) , from which it follows that 
J. 1.+1 1.+1 1.+1 
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a . . R . + b . = a . + b . 
.1 .1+1 .1 .1+1 .1+1 
To solve for all zones, p(O) or p(R ) , where R is the radial position 
ys ys 
of the yarn surface, must be given. 
( c) d .• ln ( R . • R . - 1 ) = N . :::;> 
.1 .1.+1 .1 .1. 
1 -1 
d. = N . • ( ln (R. .R. - ) ) • 
1. .l .1+1 .1 
Fig. Al. Yarn cross-section density 
APPENDIX B MIGRATION PATH 
INTRODUCTION AND ASSUMPTIONS 
In the migration yarn analysis the following assumptions are 
made about the paths of the individual fibres: 
(a) each fibre path is identical except for a translation along and 
around the yarn axis, which implies that the fibres are of equal 
length; 
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(b) the twist of the path is constant: 30/3Z = c (Bl) ; 
(c) the following is valid for any two points A and B on a fibre path 
with R = R · A B. (B2) ; 
(d) the starting points of the fibre paths are evenly distributed 
along the yarn axis. 
What is desired is an expression for the migrating-fibre. path 
of the form: z = Z(R), which satisfies a certain yarn cross-section 
density and which follows a given elementary shape. Also the length of 
the path must be equal to Lf, the fibre length. 
Furthermore two featu.res are desirable for the migration-path 
fW1ction: 
(a) continuity of the first derivative of the migration-path function 
to ensure a 'smooth'curve, and 
(b) a closed analytical expression for the length along the path which 
is desirable for the analysis of the migration yarn. 
The form of the migration-path function is dependent on the forms 
of the cross-section density function, p(R), within each zone (see 
Appendix A). These are: 
(a) p(R) = c, • (B3a) 
1. 
constant within each zone and discontinuous over the yarn; 
(b) p(R) = a,.R + b. . (B3b) 
1. 1. 
( c) 
linear function of R within each zone and piecewise continuous 
over the yarn; and 
-1 
P(R) = d .• R 
1. 
discontinuous over the yarn. 
• (B3c) 
Unfortunately none of these tht·ee al terna ti ves yields a function 
for the migration path which incorporates both of the desirable features 
stated above. Alternatives (a) and (b) yield expressions for the length 
along the path which can only be evaluated numerically and (c) and again 
(a) yield discontinuous first derivatives of the migration path. 
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The choice is clearly between altE:rnatives (b) and (c) and here 
(c) is chosen because of its relative simplicity with regard to applic-
ation in the migration-yarn analysis. 
The elementary shape of the migration path is given by the ra.dial 
positions of the fibre path ends and of the points where the fibre 
changes from inward migrating to outward migrating and vice versa. In 
Figure Bl a migration envelope is shown with the essential points encir-
cled. It can be seen in the Figure that these points coincide with cer-
tain radii - these are the radii of the rings used in the cross-section 
density. This is not absolutely essential for the analysis of the migra-
tion path but it is very convenient and will be assumed to be valid here. 
It is convenient to introduce the parameter n. which :i.s defined 
1. 
as the number of times a migration path traverses the concentric cylin-
For example, for the path illustrated in Fig-der between R. and R, 
1. 1.+1 
ure Bl n is: 
n = n = 2 
1 2 
n3 = nit = ns = 3 
n = n = 4. 
6 7 
MIGRATION-·PATH ANALYSIS 
A migration envelope of a typical fibre, A, is shown in Figure B2. 
Also shown are the radii of the inner and outer surfaces of a cylinder 
of infinitesimal width dR and the inner surface at radius R. The dis-
tance in the z direction between an entry and an exit point of a segment 
of__JLpassing through the cylinder is defined as dZ which is equal for 
all 'legs' of the migration path because of Equation (B2) . ·A transverse 
cross-section, c, of the cylinder is taken at the point where A enters 
the cylinder from the inside with its third leg. To determine the num-
ber of fibres which pass through C the path of a second fibre, B, is 
drawn. Fibre B passes through Cat the outer periphery just as A passes 
through at the inner periphery. 
At radius R+dR the distance in the z direction bet.ween A and B 
is dZ and because all the fibre paths are identical except for a trans-
lation along (and around) the z axis, the z distance between the starting 
points of A and B must also be dZ. The number of fibres which pass 
through C with their third leg can now be determined by dividing dZ by 
dF, which is the Z distance between two consecutive fibres. Also the 
same number of fibres will pass through C with their second leg and 





















Fig. B2. Calculation of migration path from cross-section density 
\ 
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between R. and R. the total number of fibres which traverse C, which 
1. 1. +1 
is defined as dN, will be equal to: 
dN - n . . dZ/dF 
1. 
• (B4) 
From the given cross-sectional density of the yarn, P.(R), it 
.1 
follows that the number of fibres traversing C is: 
dN = 2TT.R.dR.p,{R) 
1 
(BS) 
On equating Equations (B4 and BS) an expression for dZ in terms 
of dR is found: 
dZ = 2TT .R. p. (R). dF.dR/n. 
1. 1. 
• (B6) 
'There is still one rmknown left in this equat:i.on, namely dF. To 
determine dF the total length of the fibre path is calculated with the 
aid of Equation (B6) and is then equated to the given length, Lr From 
the resulting equation dF can be solved and resubstituted into Equation 
(B6) , from which in turn the migration-path function, Z = Z (R) can be 
determined. 
The infinitesimal volume, av, shown in Fig_ure B3 is used to cal-
culate the fibre length. The volume av is taken out of the cylinder 
discussed before with the sides parallel with the co-ordinate axes and 
of such dimensions that a fibre traversing the cylinder will pass 
through diametrically opposed corner points. 
The length of a side in the 8 direction, d8.R, is related to dZ 
by the twist: 
d8 = 2TT.dZ/TT • (B7) 
where 'rT is the length along the Z axis of one turn of twist. 
Because d V is infinitesimal the fibre segment of length dL can be 
considered to be straight and dL is defined as: 





Substituting Equations (B6 and B7) into the above equation yields: 
[ 
[ 
( 2 TT. R) 2 • pi ( R) • dF) 2 
dL = dR. l + 
TT.n. 
1. 
+ [2TI .R. :: (R) .dFr r (B9) 
To find the total length this equation must be integrated with 
respect to dR over the total yarn radius. Because of the zonal depend-
ence of N. and n. the inteq:cation must be done piece-wise over the zones. 
1. 1. . 
Also as the. fibres traverse a certain zone n. times the zonal contribu-
1. 
tions must also be multi plied by n.. The total length of the fibre which 
1. 












Fig. B3. Infinitesimal volume of a yarn 
R . 
.1+1 





• pi (R) .dFl 2 
1 + -------- + 
TT.ni 
where mis the total number of zones. 
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(BlO) 
Numerical techniques must be used to determine dF from the above 
equation. A crude but simple and (in this case) effective procedure is 
the bisection method (59) using a numerical integration scheme to eval-
uate the integral. The integral can only be solved analytically for one 
particular form of p. (R) which will be discussed in the next section . 
.1 
When a satisfactory value for dF is found this can be back-
substituted into Equation (B6): 
dZ = 2·rr.R.p, (R) .dF.dR/n . 
.1 .1 
• (1311) 
Equation (Bll) can be integrated to determine Z as a function of R: 
f 
. 21T .dF J . 




The solution of Equation {B12) for the three alternative express-
ions for p.{R) in Equation (B3) becomes: 
. .1 




Z = 2TT .dF.R/d .• n. + constant 
.1 .1 
• (Bl3c) 
The constant can be evaluated at the appropriate places. 
The path of the migrating fibre will be smooth if the first deriv-
ative of the path function, dZ/dR, is continuous throughout the yarn. 
This derivative can be determined from Equation (Bll): 
dR n . 
.1 
It is clear that dZ/dR will only be continuous if p. (R) is contin-
.1 
uous throughout the yarn a.sis the case for alternative (b) in the 
Equations (B3) . 
PATH LENGTH BEFORE AND AFTER YARN DEFORMATION 
The path of the fibre between two radii Ri+i and Riis shown in 
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Figure B4 in the undeformed yarn configuration. The radii R. and R. 
.1+1 }_ 
are the boundaries of zone i used in tl1e determination of the cross-
section density p .• In the analysis performed here the finite element 
.1 
subdivision coincides with these zones which again is not absolutely 
essential but is very convenient. 
The lengtl1 of me fibre path per zone is derived from Equation 
(BlO) : 
(B14) 
This integral 9an only be solved ai1alytically for one particular 
form of p(R) which is case (c) (Equation (B3)): 
-1 p. (R) == d .• R 
.1 .1 
Substituting Equation (B15) into Equation (B14) yields: 
R. 
DL. = 
















~ B Hl [~(A 
R . 
.1 








This can be evaluated by using Equations (Bl8) and (B19). 
To determine the length of the fibre path within a zone after 
yarn deformation the type of deformation must be known. The axial 
z 













elongation of the yarn is assumed to be ru1iform and for the radial 
deformation it is assumr::!d that this is linear within each zone. In Fig-
ure B5 the deformed path of the fibre is shown. The distance in the 
Z-direction between the entry and exit points of a fibre in a zone is 
defined as 6z .. In the undeformed configuration 6z. for case (c) will 
J. J. 
be (Equations B3): 
2'IT. d . • dF. (R . 




Because of the uniform deformation in the axial direction, 6Z'., 
]. 
which is the distance between entry and exit points in the deformed 
yarn, becomes: 
6Z'. = (1 + E) .6z. 
1. y J. 
where E is the relative axial elongation of the yarn. 
y 
• {B22) 
The length of the fibre pa th can be determined with the aid of 
Figure B3 where the original lengths of the sides dR and dZ are changed 
into dR' and dz' respectively. These are: 
dR' 
dZ' 
= dR. (R' - R'. ) • (R. - R.) -l 
i+l 1. 1.+1 J. 




The expression for the length of the third side remains the same: 
d0' .R = 2TI.dZ.R/TT . (B23c) 
because dZ and TT deform the same amount. 
After some manipulation of Equations (B23), Equations (B6 and 
BS) yield for the length of the fibre path in a deformed zone: 
R'. 
J.+l 




+ E) ,2'IT,R.p, (R) .dF. (R. -R.)]
2
] 
y 1. .1+1 .1 B,-2 
n .. R'. -R . 
.1 J. J. 
[ 
( 2TI. R) 2 • ( 1 + E ) • p . (R) • dF. (R. - R.)] 
and B' = Y 1. 1. + 1 1. • 
n .. TT. (R'. -· R'.) 
J. 1.+1 J. 
The solution of the above equation for case (c) is: 
R'. 
1.+1 
I [R2 DL'. = B' J. (B25) 
R'i 
Equation (B24) cannot be solved explicitly for the other forms of 




APPROXIMATION OF FIBRE STRESS-STRAIN CURVE 
A typical 'stress-strain' curve for a wool fibre is shown in 
Figure Cl. in the form in which it is used in the analyses presented 
here, where FA is the fibre axial force and Ef the relative elongation. 
The curve must be approximated for use in calculations and in 
this case a piece-wise linear function is used, of the form: 
. (Cl) 
An example of this type of approximation is shown in Figure CL 
The straight line through points i and i + 1 is defined by: 
• (C2) 
Equating Equations (Cl and C2) yields: 
and b . = -a .. E f + FA . , 
J. •J. i J. 
where a. and b. are valid between the points i and .i + 1. 
J. J. 
The inverse function is: 
Ef = a ,i .FA + b'. J. 
where a,. = a. -1 
J. J. 
and b'. = -b. ,a. -1 . 












CORRECTION FACTOR c FOR INTER-FIBRt FRICTION 
INTRODUCTION 
The axial force in a fibre in the staple-fibre model is caused by 
friction at the inter-fibre contact points. The individual contact 
frictional forces, F, are assembled into FR, the frictional force per 
C 
unit length exerted on the fibre. The magnitude of Fe is known but not 
its direction. This is expressed in the equation for FR in Section 
5. 3. 2, Equation (5 ,4) , as the number of fibre contacts at which the 
frictional force, F , aids or opposes the slippage of a fibre. This is 
C 
included in a correction factor, C, which is used to determine FR from 
the single-fibre withdrawal force, WF. 
The correction factor, C, is given (Equation 5.6) as: 
C = (1 - 2.n 'd~n -l) 
ai C 
. (Dl) 
where naid = the number of fibre contacts per unit length at which the 
frictional force aids the fibre in its movement, and 
nc = the total number of fibre contacts per unit length. 
The ratio of n 'd ton, and therefore C, will be different for 
ai C 
different migration paths and it can also vary along the path. Here 
this ratio is estimated for the two alternative migration paths used in 
the analysis described in Chapter 5. 
V-SHAPED MIGRATION ENVELOPE 
The V-shaped migration path as used here is symmetrical and has 
the fibre ends at the yarn surface as shown in Figure Dl. Also shown 
is a small segment of a typical fibre, dA, which is situated in the 
outward migrating 'leg' (dR/dZ > O). In the immediate vicinity of dA 
there are two groups of fibres, one migrating outwards like dA and one 
migrating inwards; these will be designated by an O and an I respectively. 
Over the length of dA there will be n .dA contacts with neigh-
c 
bouring fibres. The parameter, n, is dependent on the local specific 
C 
volume, vsp' so it will be dependent on the radial location of dA, but 
over a small section of fibre it can be regarded as being constant. 
Because of the symmetry of the fibre paths in the model and the uniform 
distribution of fibres in the z direction it can be assumed that on 
average the inter-fibre contacts along dA are equally divided between 





























O, slips or tends to slip in a certain dj_ rection with respect to its 
tube all the neighbouring fibres of group I will slip (or tend to slip) 
approximately the same amount but in the opposite direction. The fric•-
tional forces, F , at the contacts between dA and neighbouring fibres of 
C 
group I will therefore oppose the (potential) movement of dA in its tube. 
The neighbouring fibres of group O will (tend to) move approximately the 
same amount as dA and in the same direction. It must be noted that it 
will be very rare that a contacting fibre of group O will slip (or tend 
to slip) exactly the same amount as dA, therefore there will always be 
a slight difference in (potential) movement.. From this it follows that 
the frictional forces at contacts between dA and fibres of group O will 
either aid or oppos~ dA in its movement; 'neutral' contacts can be neg-
lected. The problem now is to quantify the portion of contacts which 
aid dA in its movement. As the neighbouring fibres of group O should 
show no bias towards slipping more or less than dA it is assumed here 
that half of the fibres of group O aid dA in its movement and the other 
half oppose it. As the fibres of group O make up half the contacts, as 
mentioned above, the proportion of contacts along dA at which frictional 
forces are exerted aiding dA in its movement will be approximately one-
quarter of the total. This fraction is independent of the number of 
contacts per unit length so the correction factor for a V-shaped migra-
tion envelope is constant along the fibre and is (Equation Dl): 
C = ( 1 - 2 XO, 25) = 0, 5 
V 
W-SHAPED MIGRATION ENVELOPE 
. (D2) 
AW-shaped migration envelope is shown in Figure D2 with the 
'legs' numbered from 1 to 4. Because of the symmetrical behaviour of 
the fibre a certain relationship can be derived for the direction and 
amount of slipping of four fibre segments, each from a different leg of 
the W, located at the same radial position in the model. In Figure D3 
a typical example is shown where the arrows indicate the direction and 
the amount of slipping and the figures designate the legs of the W to 
which the fibre segments belong. The amount of slipping of the fibre 
segments land 4 is equal in magnitude but opposite in direction; the 
same holds for the pair of fibre segments, 2 and 3. The condition of 
symmetrical behaviour does not relate in any way to the amount or the 
direction of slipping between the pairs 1 and 4, and 2 and 3. However, 
the conditions set in Section 5.3.3 in order to use a simple method to 
determine the axial force imply that slipping is always towards the 
middle, M, and decreases with increasing distance from the fibre end. 
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M yarn surface 
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If that. is the case there is no other possibility than indicated in 
Figure D3a, and the situation in Figure D3b could not arise. 
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A small fibre segment, dA, which is located in leg 1, will have 
a certain nlm1ber of contacts along its length with other fibres. 
Because of the symmetry of the fibre paths and of the uniform distribu-
tion of fibres over the length of the yarn the contacts will, on aver~ 
age, be equally divided between the four legs, Le., one-quarter of the 
contacts will be with leg 1 of other fibres and so on. It is evident 
from Figure D3a that fibres which contact dA, which belongs to leg 1, 
with their second, third or fourth legs will resist the slipping of dA. 
Using the same argument as in the previous section it follows that the 
fibres which contact dA with their first leg will be equally divided 
into aiding and opposing dA in its movement. From the above it follows 
that if dA is located in one of the outside legs of the W only one-
eighth of the contact frictional forces will aid dA in its movement. 
Therefore: 
OCW= (1-2X0,125) =0,75 . (D3) 
In the same way as above the correction factor for the inner leg 
follows: 
I 
CW = (1 - 2 X 0,375) = 0,25 . {D4) 
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APPENDIX E 
EXPERIMENTAL DETERMINATION OF FIBRE AND YARN STRENGTH 
MEASUREMENT OF FIBRE AND YARN STRENGTH 
The tensile properties of the wool fibres and yarns used in the 
evaluation of the analyses were measured on an Instron Tensile-testing 
machine. The specimens were elongated at a fixed rate and the resulting 
yarn forces were recorded on a chart against the elongation. :B'or both 
short-gauge and long-gauge tests on the yarns they were simply clamped 
in the jaws of the testing machine, but a different method was used for 
the fibres which were difficult to manipulate because of their fineness. 
Fibres were first mounted with tape on a cardboard slide frame, as shown 
in Figure El. The slide frames were easily mounted in the jaws of the 
testing machine, the sides of a frame being cut as illustrated in Figure 
El before starting the actual test. 
INTERPRETATION AND AVERAGING OF RESULTS 
Ideally the fibres and yarns were mounted.in the jaws under a 
very low tension compared with their ultimate breaking tension, so that 
the specimen length at zero load can be taken as the gauge length, the 
distance between the tips of the jaws. However, especially in the case 
of fibres, this was impossible to do manually and therefore the fibres 
and yarns were always actually mounted with a certain amount of 'slack', 
i.e., slightly buckled. Some typical load-extension curves are shown 
in Figure E2; E2a concerns fibres with no crimp and E2b is typical of 
crimped fibres. Yarns manufactured from straight or crimped fibres 
showed a similar kind of behaviour in the initial range of elongation. 
As can be seen in Figure E2a the load-extension curves were not 
necessarily 'lined up', i.e., their starting points did not coincide. 
This was due to the fib:r;es (or yarns) being mounted slightly buckled 
in the testing machine, the exact amount of slack not being reproduc-
ible. When averaging the curves it was therefore necessary to have a 
reference point on each curve. In the case of uncrimped fibres this 
would be the starting point of each curve, A and A. In the case of 
1 2 
crimped fibres the usual procedure was to extend the linear part of the 
load-extension curve to the extension axis, giving the points A and A 
3 4 
in Figure E2b. The straight length of a fibre (or yarn), SL, is then 
defined as SL = GL + A (El) 
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(a) without crimp 
(b) with crimp 





The average value for SL was fotmd in the usual way, .i.e., by 
summing the values for each fibre and dividing 1.>y the number of speci-
mens. The values of the extension for the reference point, A, of the 
averaged curves is: A = SL - GL • (E2) 
Each load-extension curve was then converted so that the points 
A. of each curve coincided with point A. These converted curves were 
J. 
then averaged in the usual way, the results being shown in Figure E3. 
The main problem was to define the point where the curve started. One 
fibre with a long uncrimping region would cause the average curve to 
also have a long uncrimping region. In this case commonsense was used 
and a reasonable point was chosen, designated by Bin Figure E3. The 
average load-extension curve was then converted so that B coincided 
with the origin and so that the horizontal axis was expressed in rela-
tive elongation, %, rather than absolute extension. 
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B A extension, mm 
Fig. E3. Averaged fibre or yarn load-elongation curve 
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APPENDIX F 
EXPERIMENTS ON THE COMPRESSIVE BEHAVIOUR OF WOOL SLIVERS 
The aim of these experiments was to find a value for the constant, 
K, as used in the van Wyk relationship (Equation 2.1): 




where p lateral pressure exerted on the sliver 
V current specific volume 
Sp 
v == specific volume when p == 0. 
SPo 
'!'he apparatus used in the experiments was very simple, namely a 
short U-shaped channel and a plunger which fitted into the channel as 
shown in Figure Fl. The sliver was laid in the channel so that the gen-
eral direction of the fibres in the sliver coincided with the x-axis as 
shown in Figure Fl. The plunger was then placed on top of the sliver 
in the channel and a slowly increasing force, F, was exerted on the 
plunger in the z direction. During the experiment two parameters were 
monitored, the force, F, and the height, h. At the end of the experi-
ment, while the plunger was still at its lowest position, the ends of 
the sliver pro_t:r:-_11ding from the channel were cut off with a razor blade; 
,-----
the plunger was then removed and the mass, M , of the remaining piece of 
sliver was determined. 
The lateral pressure on the sliver is simply determined by: 
-1 p = F. (b.l) 
and the specific volume, V by: 
sp' 




The results are plotted with (V - 3 - V - 3 ) on the horizontal 
sp sp
0 
axis and p on the vertical axis. A typical result is shown in Figure 2. 2. 
The value of VSPo is usually found by setting out the values of p 
against V - 3 for the lower pressure range and extrapolating the curve 
Sp 
to p = o. 
In- this kind of-graph a·curve following the van Wyk relationship 
will be a straight line through the origin with tangent, K. From this it 
follows that an appropriate value for K can be found by fitting a straight 
line through the origin to the experimentally derived curve. In the 
large majority of experiments carried out by the author the shape of the 
experimental curve was such that there was no ambiguity about the best-
fitting value for K. The deviation at the top of the curve in Figure 
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LATERAL PRESSURE DUE TO HELICALLY ORIENTED FIBRE TENSION 
Given is a yarn with a co-ordinate system, (R,8,Z). The princi-
ple stresses in the yarn are located in the fibre co-ordinate system, 
(R ,8 ,z), which is obtained by rotating the yarn co-ordinate system by a a a 
an amount, a (helix angle), around the R axis. 
The principle stresses are defined as: 
0 = TA • zza 
The problem is to determine the value of TL if TA is given. 
The Cauchy equations of motion in the yarn co-ordinate system 
are defined as 
oORR 1 aoRe c)ORZ OJ?.R - 0ee 
--+ -·--+ --+ = 0 
3R R ae 3z R 
. (Gla) 
8CYR8 1 aoee aoez 20R8 --+ -·--+ --+ --- 0 • (Glb) 
oR R ae az R 
cJORZ 1 ao0z aozz ORZ --+ -·--+ --+ 0 . {G.lc) 
cJR R ae oz R 
In the case where the yarn is uniform along the Z axis and is 
axisymmetric the following terms will be zero: 
--=--== --= 0 . (G2) 
az ae az ae 
In order to describe the stresses in the yarn co-ordinate system 
in terms' of T and TL these are are transformed from (R , 8 , Z ) to 
A a a a 
(R,8,Z). This is done with the aid of a transformation matrix, [Tl<J]a, 
which is described in Section 4.3.5. 
ORR = TL (G3a) ,. 
0ee 
2 
.TL + 2 (G3b) = C s .TA 
0
zz = 
2 T + c 2 T (G3c) s • L • A 
0ez = c.s.TL - c.s.T (G3d) A 
CYR8 = 0 ZR = 0 (G3e) 
where c = cosa ands= sina. 
Substituting Equations (G2 and G3) into Equations (Gl) yields: 
aTL T - c 2 T - s 2 T L • L • A 
-- + --------- = 0 
aR R 





The unknown in the above equation is TL which implies that Equa-
tion(GS) is a first-order linear differential equation of the form: 
where 
_aTL 
P(R).21L = Q(R) --+ 
aR 
P(R) = sin2 a/R 
Q(R) = sin2 CY,.TA/R 
~-:=;, 
The general solution of Equation (G6) is 1(73p: 
'------ -✓ 
TL= e- J P(R)dR_ ( f Q(R) .e J P(R)dRdR + c) 
(G6) 
• (G7) 
With P(R) and Q(R) defined as in Equation (G6) the solution will 
be impossible to obtain if a and TA are determined by the Equations 
(4.6d and 4.15) in Sections 4.3.2 and 4.3.5 respectively. If, however, 
T and a are assumed to be constant within a series of small ranges of 
A 
R, i.e., elements, a piecewise solution can be obtained relatively 
easily. 
Using Equation (G6) the integral JP(R) becomes: 
jP(R) dR = J s; dR = s 2 lnR 
from which follows: 
e JP (R) dR = e s
2 
• lnR = Rs
2 
Equation (G7) now becomes: 
= R-s2 • [ J s2 • TA. Rs2 -1 dR + C) 
" R -s' [ s' • :• .ns' + cl · 
2 
TL = TA + C.R-s • (GB) 
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To find Ca boundary condition must be given. In th.is case the 
boundary condition is: 
where 
T (R ) = 0 
L ys 
R = the radial position of the yarn surface, 
ys 
This implies that the solution has to be obtained by working 
from the outside of the yarn inwards through the elements. If the lat·-
eral pressure, TL, has been determined at R = R 2 as T the constant, C, L2 
can be determined from Equation (GB) : 
·-S2 
= '.l'A + C .R2 
from which follows: 
. (G9) 
Substituting Equation (G9) into Equation (GB) yields for R = R1 
with R1 < R2 : 
. (GlO) 
where '.l'A and s 2 = sin2 a are constant between R2 and R 1 • 
For small values of a the variation with R can be incorporated 
into the solution. When a is small: 
a ~ sina ~ tana = 2TT .R/TT . (Gll) 
This can be deduced from Figure 4.6. The term sin2 a now becomes: 
sin2 CY. = (2TT.R/TT) 2 • (Gl2) 
Substituting Equation (Gl2) into P(R) and Q(R) in Equation (G6) 
and in turn substituting the expressions obtained in to Equation (GB) 
yields after the same procedure as followed before: 
• (Gl3) 
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APPENDIX H DATA USED FOR ANALYSES 
CROSS-SECTION DENSITY OF YARNS 
The number of fibres per zone of 0,0625 mm width is given below, 
starting at the yarn axis. The figures are the averages of four meas-
urements per yarn. 
Wool Romney Cheviot Lincoln 
Tex 300 600 300 300 
Turns/m 100 180 80 130 100 180 100 180 
Zone 
l 4 6,5 4 7,5 4 5 3 6,5 
2 13 19 17 21,5 9 17. 8 17 
3 19,5 36,5 20 31,5 14 31 18 31 
4 27 45,5 33 45,5 20 41 26 44 
5 36 49 50 57,5 21 38 31 ,17 
6 27,5 27 46 58 23,5 23 18 24 
7 19 5 48 48,5 18,5 19 15 7 
8 12,5 2 55 36,5 21 11 13 3 
9 14 2 50 30 22 13 17 2 
10 7 1 40 25 18 11 14 2 
11 4 0 20 20 15 12 11 l 
12 l 15 15 19 8 4 0 
13 0 5 5 12 2 2 
14 2 3 7 2 2 
15 2 2 4 1 2 
16 2 1 0 l 
17 0 2 1 
18 2 0 
19 1 
20 0 
FIBRE AND SDIVER PROPERTIES 
Wool Romney Cheviot Lincoln 
Mean fibre diameter, µm 36,9 34,1 37,4 -
Fibre linear density, tex 1,401 1,196 1,439 
Average fibre length, mm 86,4 64,4 102,0 
van Wyk's constant, 7 -3 N.mm .mg 3,0 6,0 2,8 
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PARAMETERS FOR FIBRE STRESS-STRAIN CURVE (see Appendix C) 
Eis the range of elongations in percentages in which the 
values shown for a. and b, are valid. The parameters a, and b, are 
]_ ]_ ]_ ]_ 
expressed in Newtons. 
Romney Chev.iot Lincoln 
E: a. b. E a. b, E a . b, 
]_ . l ]_ ]_ ]_ ]_ 
0 -- 0,5 0,4 0 0 - 0,5 1 0 0 -: 2, 4 3,13 0 
0,5- 3,3 3,23 -0,014 0,5- 4,5 1,58 -0,003 2,4- 4 1,5 0,039 
3,3- 4,5 1,54 0,042 4 I 5 .. 6,5 0,65 0,039 4 - 7,2 0,47 0,08 
4,5- 7, 7, 0,44 0,091 6,5-14,6 0,21 0,067 7,2-14 0,19 0,1 
7,7-34 0, 16 0,11 14,6-34 -0,026 0,102 14 -39 0,20 0,1 
34 -45 -0,045 0,18 34 -57 -0,38 0,207 38 -56 -0,73 0,46 
45 -57 ·"l, 31 0,75 57 -60 -0,47 0,28 56 -60 -1,3 0,78 
Note that the values shown for a. and b. are used in Equation 
]_ ]_ 
(Cl) with Ef expressed as a fraction and not as a percentage. 
